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1. Introduction

Robots that carry out complicated tasks, such as dexterous robots
for medical procedures, articulated robotic arms for manipula-
tion and grasping tasks, or snake-like robots for search-and-
rescue missions in cluttered environments, must rely on
multiple degrees of freedom (DOFs). The inherent complexity
associated with the coordinated control of a large number of
actuators poses major difficulties and limitations in terms of
structural intricacy and energy expenditure. This has become
a crucial bottleneck in the development of modern robots, and
therefore efforts are being invested to develop methods that
enable controlling over several DOFs by means of a small num-
ber of inputs (e.g.,[1,2]). The ideal visionary solution to this chal-
lenge would be devising a way to dictate any desired trajectory of
a system comprised from several DOFs, with only one controlled
input. We show that such fantastic ability, although seeming

unrealistic at first glance, can be achieved
using cleverly designed multistable struc-
tures and exploiting their unique dynamic
behavior.

Currently, most dexterous robots
considered in the literature, such as those
mentioned earlier, are conventionally com-
posed of rigid links connected by actuated
joints.[3,4] For interaction involving inter-
mittent contact with objects and human–
robot collaboration, the operation of such
robots requires highly complicated control
that involves force-sensing and coordina-
tion between multiple joints, as well as
feedback stabilization. A promising rem-
edy lies in the rapidly evolving field of soft
robotics, in which actuation is coupled with
the elastic response of the robot’s structure
to achieve complex continuous deforma-
tion patterns.[5–18] Soft actuators are utiliz-

able for various robotic applications,[19–23] such as bio-inspired
legged locomotion,[6,24,25] aquatic locomotion,[26] soft grip-
pers,[27,28] deformable sheets,[29–31] and distributed sensing.[32–34]

Several actuation methods exist for soft actuators, such as control
of flow rate or pressure in channel network or bladders embedded
within an elastic structure,[35–39] electrostatic and piezo-electric
activation of smart materials,[27,40–43] magnetic field,[44–48] thermal
and thermo-chemical activation,[49–56] and more.

A crucial challenge in soft actuators is the typical need for mul-
tiple control inputs, which must be coordinated and involve
closed-loop feedback and sensing. This may impose significant
technical complications, limiting the realization of the control
system. Moreover, accurate tracking of continuous time-varying
deformation trajectories of an inertial-elastic structure using
feedback control may also require high energy expenditure. A
key concept which has been introduced for actuation of soft
structures is the use of bistable elements. A bistable element is
characterized by two distinguished stable equilibrium configura-
tions for the same prescribed load, separated by an unstable
(spinodal) equilibrium state. Such behavior can be observed in
curved beams,[57–61] thin-walled hyperelastic balloons,[1,62–64]

and prestressed elastic sheets.[65–75] An actuator made of multi-
ple interconnected bistable elements can transition betweenmul-
tiple stable states using minimal activation for snapping each
element, while the rest of the motion is done passively.[76–83]

This enables achieving complex motions using minimal actu-
ation energy by exploiting the multistable energy landscape of
the system.[84–91] For example, an actuator containing N bistable
elements, can provide a multitude of possible trajectories that
involve transitions between 2N stable states. This concept has
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been exploited in fluid-actuated soft robotic actuators,[64,84,92,93]

electrically and magnetically actuated actuators,[94–96] for
applications such as energy harvesting,[97,98] robotics,[2,99–101]

micro-electro-mechanical systems,[102] energy absorption,[103]

metamaterials,[104,105] folding of actuated origami sheets,[106–110]

and more. The main limitation of this concept is the need to
actuate each of the bistable elements by a separate controlled
input, which is still complicated.

In order to minimize the complexity of the control system for
multistable actuators, the concept of single-input control has been
recently introduced. According to this concept, the bistable ele-
ments are interconnected and mechanically coupled. Moreover,
the elements differ in their mechanical properties in a pre-
designed way that enables dictating the order of transitions
between multistable states of the actuator. This concept has been
demonstrated in single-input control by.[111,112] In these works,
the actuator was able to produce only specific sequences of state
transitions. Also,[92] proposed multi-material viscoelastic
architected materials whose snapping sequence can be tuned
using temperature as a control parameter. The work of[1]

presented single-input flow rate control of a chain of serially con-
nected hyper-elastic rubber balloons, where it was shown that it
is possible, in principle, to reach all possible 2N states. However,
the sequences of transitions from initial to target state were limited
to a specific order, which may result in very long sequences. In a
recent work,[106] presented an actuator consisting of serially con-
nected bistable cells with pre-tuned magnetization, which are
actuated by an external magnetic field. While this actuator is able
to transition directly between any desired stable states, it requires
control of both the magnetic field’s magnitude and direction,
which are effectively two scalar inputs. Also, the use of

high-energy magnetic fields is often not allowed in applications
that involve sensitive electronics or optical components.

While all the actuators mentioned earlier rely on quasi-static
changes of the states using slow input rate, we propose here a
novel concept of exploiting the system’s dynamics in order to enable
all possible transitions between neighboring multistable states
using a single input. Moreover, careful design of the potential
energy profiles of the mechanical bistable elements comprising
the actuator, enables achieving added stable equilibrium states
where one of the elements lies in its intermediate (spinodal)
equilibrium. This enables increasing the number of multistable
states for an N-element system up to 2N 1þ N=2ð Þ, which gives a
refined resolution of the actuator’s states for the same number of
elements.

2. Results

We propose a novel approach that leverages the system’s
dynamic behavior to enable direct transitions between neighbor-
ing multistable states using a single input. This innovative
method can be applied to a wide range of mechanical systems
across various fields. In this work, we demonstrate it using a
system of bistable mechanical beams,[57–61] as shown in the
experimental setup in Figure 1a.

In the following, we introduce the physical principles under-
lying the concept for controlling transitions between different
states. We then present an experimental demonstration of a
multistate actuator used to control an articulated robot in a
laboratory environment. Finally, we provide a theoretical analysis
of the actuator to deepen the understanding and complete the
research framework.
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Figure 1. Multistate soft actuator comprised from bistable beams that are connected in series. a) Experimental setup of multistate soft actuator
comprised from three bistable beams. b) Schematic illustration of a multistable chain model and notations. c) The force–displacement relation
FðεÞ of a bistable element with two states of positive stiffness, states ‘0’ and ‘1’, separated by a branch of negative stiffness termed the spinodal
region. The tri-linear approximation of this non-monotonic relation, denoted by the dashed straight-line segments, may offer useful analytical insights.
d) Pre-designed variability between the bistable elements that makes each element weaker or stronger compared to its neighbors, as described in
Equation (1).
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2.1. Multistate Soft Actuator

Consider a chain of N bistable elements connected in series, as
illustrated in Figure 1b. Each bistable element is characterized by
a non-monotonic force–displacement relation F εð Þ having two
phases of positive stiffness separated by an intermediate branch
of negative stiffness, see Figure 1c. In force-control conditions,
the branch of negative stiffness, termed spinodal phase, is unsta-
ble, while the two phases of positive stiffness are stable. Thus,
practically, two distinctly separated equilibrium phases are
possible, which we denote by ‘0’ and ‘1’, while the intermediate
spinodal phase is denoted by ‘s’.

It is straightforward to demonstrate that static equilibrium
requires the forces in all elements to be equal. However, due
to the non-monotonic force–displacement relationships of the
elements, the equilibrium solution is not unique. In other words,
multiple equilibrium solutions corresponding to different states
may exist for the same prescribed extension. As noted in,[113]

when all elements in the chain are in phase ‘0’ or ‘1’, this con-
figuration is always stable. However, states with more than one
element in the spinodal ‘s’ phase are unstable. Intermediate
states, where exactly one element is in the ‘s’ phase, are stable
only if the actuator’s equivalent stiffness is negative. Although
an intermediate (mixed) state involving one element in the spi-
nodal phase (e.g., (10s)) is typically considered unstable, it can be
stabilized by altering the relationships between the local stiff-
nesses of the beam elements. Depending on the desired motion
characteristics and the specific application, stable intermediate
states can be advantageous, offering an added degree of tunabil-
ity. Further technical details about this concept can be found also
in the Supporting Information.

Accordingly, the chain of bistable elements may be viewed
as an actuator with up to 2N stable equilibrium states (or
2N 1þ N=2ð Þ if intermediate states are designed to be stable),
each corresponding to a different arrangement of zeros and ones
(or ‘s’ if the intermediate state is stable), represented as a binary
number. The sequence of transitions between these different
binary states defines a trajectory. For example, when N ¼ 2, state
11ð Þ may be reached through N! ¼ 2 different trajectories that
begin at state 00ð Þ, and vice-versa, giving rise to a total of N!ð Þ2 ¼
4 different complete-cycle trajectories, as follows: f 00ð Þ ! 10ð Þ !
11ð Þ ! 01ð Þ ! 00ð Þg, f 00ð Þ ! 10ð Þ ! 11ð Þ ! 10ð Þ ! 00ð Þg,
f 00ð Þ ! 01ð Þ ! 11ð Þ ! 01ð Þ ! 00ð Þg, f 00ð Þ ! 01ð Þ ! 11ð Þ !
10ð Þ ! 00ð Þg.

2.2. Achieving Single-Input Control of Multistate Actuator

We propose to control such a multi-state actuator, that is, to make
it follow any desired trajectory, using a single input that controls
the total length of the chain, L tð Þ, or particularly, the rate at which
its length is changing, L̇ ¼ v tð Þ. The concept is based on exploiting
two competing symmetry-breaking mechanisms that, together, dictate
the next transition event from a given state. This tug-of-war is
decided by the rate v tð Þ, which is the only control input.
Above, the notion of symmetry refers to the case where all
bistable elements are identical, that is, have the same force–
displacement relation. Subjecting such a chain to quasi-static

displacement-control conditions would lead to a random
sequence of transition events since all elements reach the critical
transition force together, that is Fmax during extension or Fmin

during contraction.
Symmetry breaking is achieved through two distinct mecha-

nisms. First, we incorporate pre-designed variability in the bista-
ble elements in an organized manner, which is formulated as

Fmax
i < Fmax

iþ1 and Fmin
i > Fmin

iþ1 for i ¼ 1 : : :N � 1 (1)

as illustrated schematically in Figure 1d. Second, we introduce
dissipative damping into the elements’ motion, adding rate-
dependent forces. The damping mechanism can be imple-
mented using a wide range of possible components, including
industrial dashpot dampers, rubber-like polymers, pneumatic
elements with viscous resistance, magnetic forces, or any other
restraining elements that introduce force differences among the
elements in transient states. Here, we achieve an amplified
damping effect using stationary magnets, in order to enable care-
ful and systematic investigation. Nevertheless, the magnet is not
an inherent part of the system and can be replaced by other
mechanisms for generating rate-dependent resistive forces.

While the variability breaks the symmetry by making the ele-
ments “weaker” or “stronger”, damping makes the actual force
experienced by each of the bistable elements different from that
of its neighbors. By clever design, we make these two mecha-
nisms compete such that the input rate v tð Þ dictates the level
of dominance between them, and by that, enforce a desired order
of transitions.

2.3. Experimental Demonstration

2.3.1. Control of a 3-link Robot Using a 2-element Actuator

In order to demonstrate the concept discussed above, we begin
by presenting the results of experiments involving a multi-stable
actuator with two bistable elements, N ¼ 2. We then show its
application in the actuation of a 3-link robot. Here, the number
of the stable binary states is four, f 00ð Þ, 10ð Þ, 01ð Þ, 11ð Þg, and the
number of possible trajectories in each direction (from state (00)
to (11) or vice-versa) is two, giving rise to an overall of four dif-
ferent complete-cycle trajectories, see Figure 2.

Each bistable element of the soft actuator is made of a
double curved-beam structure,[114,115] which is manufactured
by 3-D printing from PLA (see more details in Section 3).
Importantly, the bistable behavior of the curved-beam element,
for example, its stiffness in different states or the level
of forces Fmax and Fmin, can be tuned by a careful design
of the curved-beam geometry. Thus, variability between the
force–displacement relations of the two bistable elements
was introduced by means of differences in the geometry of
the curved-beams (see Section 3).

The two bistable elements are mounted on wheeled carts that
move along a rail. Rate-dependent damping is produced by
attaching magnets to the bottom of the carts, which interact,
without contact, with a copper plate that is fixed to the rail.
The relative motion of the magnets with respect to the copper
plate induces an electric field that creates eddy currents in the
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plate. In turn, a damping force that is proportional to the relative
velocity is produced.[116] Figure 2 shows the results of extension-
contraction cycles of the soft actuator performed at different
input rates, demonstrating the ability to follow each of the four
possible trajectories of state transitions by merely controlling the
input rates (see also the Supporting Information Video). As
expected, at low rates, the weaker element changes its state
before the stronger element. On the contrary, if the input rate
is high enough, the damping forces become dominant, causing
the stronger element to switch first by changing the distribution
of forces along the chain.

State-Transition Control of a 3-link Robot: Since it is possible to
follow any of the four complete-cycle trajectories by a single
input, the multistable chain can be harnessed to function as
an actuator that allows achieving four different cycles with a
single-input control. This is demonstrated by connecting a 3-link
robot to the multistable actuator with two elements, as shown in
Figure 3. The 3-link robot is widely used as a basic model of pla-
nar locomotion of micro-swimmers,[117] robotic snake swimmers
in ideal fluid,[118] and inchworm-like crawling.[119] The important
capability to generate locomotion relies on non-reversible
undulatory motion of the two joint angles θ1, θ2 of the robot

(a) (b) (c)

(d) (e) (f)

(g) (h)
(i)

Figure 2. Experimental results of the two-element actuator. a–c) Measured elongations of the elements εi versus time t, for input rates v= {24, 26,
29}mm s�1, respectively. d–f ) Measurements of displacements plotted as dots in the plane of ðε1, ε2Þ, for input rates v= {24, 26, 29}mm s�1, respec-
tively. The three different trajectories demonstrate the ability to follow each of the sequences of state transitions by merely controlling the rate of the input
(extension/contraction) rate v. For reference, the equilibrium curves (solid and dashed black curves for stable or unstable equilibrium, respectively) and
the predictions of the numerical simulations of our theoretical dynamic model (orange and green solid curves with arrows) are illustrated as well.
g–h) Experiment results with unstable intermediate states. Note the abrupt transitions (snap-through) between binary states, denoted by double-arrows,
in contrast to the smooth transition through intermediate states observed in (d–f ). i) State transition diagram of a two-element actuator with stable
intermediate states.

www.advancedsciencenews.com www.advintellsyst.com

Adv. Intell. Syst. 2025, 2500077 2500077 (4 of 12) © 2025 The Author(s). Advanced Intelligent Systems published by Wiley-VCH GmbH

 26404567, 0, D
ow

nloaded from
 https://advanced.onlinelibrary.w

iley.com
/doi/10.1002/aisy.202500077 by T

echnion-Israel Institution O
f, W

iley O
nline L

ibrary on [03/06/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://www.advancedsciencenews.com
http://www.advintellsyst.com


in phase-shifted periodic oscillations, which form a discretization
of a traveling wave. In contrast to the classical design which
requires two separate inputs for controlling the joint angles,
using our concept demonstrates that the choice of sequence
of strokes of the 3-link robot can be completely controlled by
a single input (see also the Supporting Information Video). In
particular, it is possible to generate a non-reciprocal “traveling
wave” cycle in either direction, by appropriately choosing the rate
of the single input, as shown in Figure 3b,c.

2.3.2. Multi-State Multi-Transition Soft Actuator with Four
Elements

Figure 4 shows the results of experiments for a multistable actu-
ator comprising four bistable elements (N ¼ 4). In this case, the
number of binary states is 16, the number of intermediate states
is 32, and the number of complete-cycle trajectories is 576, see
Figure 4a. Similar to the previous set of experiments, the bistable
elements are designed and fabricated with variability in their crit-
ical forces Fmin and Fmax, and connected as a serial chain, ordered
from weaker to stronger, see Figure 4b. The four-element actua-
tor setup is similar to the two-element actuator setup described
above. Since the number of possible trajectories is extremely
large, we present in Figure 4d the results for experimentally
achieving four representative trajectories with a single input;

these experiments are also shown in the Supporting
Information Video. Nevertheless, the ability to follow any other
trajectory has been demonstrated both experimentally and
numerically (in simulations), by choosing the appropriate input
rate at every state transition. Each plot in Figure 4c shows the
time response (elongation versus time) of individual elements
in a complete extension stage from state (0000) to state
(1111). The only difference between these experiments is the
time-varying input rate v tð Þ at which the system is actuated.
This induces a different order in which the elements are
“snapping” in 0 ! 1 transitions. After each transition, the input
rate is changed in order to select the next element to snap.

2.4. Theoretical Modeling and Analysis

We now present theoretical model and analysis of the multi-state
actuator, which enables understanding the fundamental princi-
ples of our concept, as well as insightful guidelines for its design.

The multistate actuator is modeled as a set of N bistable ele-
ments connected in series, whose endpoints are attached to N
linear rate-dependent dampers, as illustrated in Figure 1. The
elastic force acting on each bistable element is dictated by its
force–displacement relationship, Fi εið Þ. The dynamic equations
of motion describing the response of the system are given in vec-
tor form as:

0.6
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00 10 0001 11

(i) (ii) (iii) (iv) (v)

0.6

-0.6

[r
ad

]

t [sec]0 4

(I)

(II)

(III)

(IV)

(V)

(I) (II) (III) (IV) (V)

00 10 000111

(a) (b) (c)

(d)

(e)

Figure 3. A 3-link robot controlled by a single input using the proposed actuator, allowing for any desired sequence of strokes. a) A transition diagram
between binary states of the 3-link robot. b) Plots of measured the robot’s two joint angles θi versus time t for low input rate jvj ¼ 20mm s�1, leading to
state sequence fð00Þ ! ð01Þ ! ð11Þ ! ð10Þ ! ð00Þg. c) Plots of measured the robot’s two joint angles θi versus time t for low input rate jvj ¼ 28mm s�1,
leading to state sequence fð00Þ ! ð10Þ ! ð11Þ ! ð01Þ ! ð00Þg; Snapshot pictures from the movie of the robot’s motion d) for low input rate, e) for high
input rate. Below each snapshot sequence, we show illustrations of the bistable states of the actuator’s two elements.
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dε
dt

¼ WF εð Þ þ v (2)

where ε tð Þ ¼ ε1, : : : , εN½ �T , F εð Þ ¼ F1 ε1ð Þ,F2 ε2ð Þ, : : : , FN εNð Þ½ �T ,
and W is a tri-diagonal matrix which is given explicitly
in Equation (S2), Supporting Information. Moreover, v tð Þ ¼
0, 0, : : : , 0, v tð Þ½ �T with v tð Þ ¼ L

:
tð Þ being the extension rate of

the chain, which is the controlled input.
This set of ordinary differential equations (ODEs) is inher-

ently nonlinear due to the non-monotonic force–displacement
relation of the bistable elements Fi εið Þ. Thus, Equation (2) can
be integrated numerically using a standard ODE solver in order
to obtain the time response. Still, it is desired to gain some
analytical insights and intuition. To this end, we replace the
bistable force–displacement relation with a tri-linear profile,
as illustrated in Figure 1c. This approximation preserves the
main features of the bistable behavior, namely two phases of
positive stiffness separated by a branch of negative stiff-
ness, yet transforms the equations of motion into a set of
piecewise-linear ODEs. More specifically, the governing equa-
tions are linear as long as the actuator’s state has not changed,
and nonlinearity is merely introduced by the change of
states.[120,121] This important simplification enables analytical
treatment, as discussed below.

2.4.1. Analysis of Actuator Dynamics with Two Bistable Elements

Next, we examine the behavior of the simplest multistate actua-
tor, namely a system with two bistable elements, N ¼ 2. In this
case, equilibrium states and solutions of the actuator’s dynamic
response can be easily visualized as curves in the plane of relative
displacements ε1, ε2ð Þ.

The equilibrium curves of a system with two identical bistable
elements, N ¼ 2, having the same force–displacement relation
Fi εið Þ, are shown in Figure 5a. Unstable equilibrium points are
denoted as dashed curves, whereas stable equilibria are shown
as solid curves. The red straight-line segments represent equilib-
rium curves obtained while approximating Fi εið Þ by a tri-linear
function, as illustrated in Figure 1c, where each straight segment
represents a different state of the system (e.g., (01), (1s), and so on),
being stable or unstable. The array of short arrows in Figure 5a
represent the vector field dε=dt ¼ WF εð Þ under zero input
v ¼ 0 when starting from non-equilibrium initial values. Thus,
solution trajectories move along lines of constant total length,
ε1 þ ε2 ¼ L0, that is, in angle of�45∘, in a direction that is repelled
from unstable equilibrium branches and attracted toward stable
ones. The stability of equilibrium branches corresponding to inter-
mediate states f 0sð Þ, s0ð Þ, 1sð Þ, s1ð Þg is determined as follows.

If the systems in Figure 5a,b move quasi-statically while slowly
increasing the total length L above εmax for leaving (00) state, the

0000 01100010 11110111(d)
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Figure 4. A multistable actuator with four bistable elements. a) Diagram with all possible binary states and transitions (not including intermediate ‘s’
states). Each colored sequence of arrows indicates a different order of the snapping sequence, obtained experimentally. b) The measured force–dis-
placement profiles of the four elements, which were designed with ordered variability. c) Plots of four time responses, each associated with a different
experiment and a different snap-thorough sequence (see colored arrows in (a) corresponding to the colored circles in (c.1) through (c.4)), showing the
elongation, εiðtÞ, of each of the bistable elements in a complete extension from state (0000) to state (1111). different choice of time-varying input rate of
extension vðtÞ, shown in the bottom graphs. Thus, each experiment results in a different trajectory with a chosen order of elements’ snapping.
d) Snapshots from the experiment for which the order of snapping elements is f3 ! 2 ! 4 ! 1g. That is, the sequence of binary state transitions
is (0000)! (0010)! (0110)! (0111)! (1111). The small and large arrows in the pictures mark the closed and snapped-open elements, respectively.
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choice of transition to the next stable equilibrium state, that is,
which elements is snapping first, is made at random, due to sym-
metry of the elements. However, for small input velocity, the
damping forces break this symmetry and enforces a choice of
state transitions. This is illustrated in Figure 5c, which shows
the equilibrium curves for the same identical elements as in
Figure 5a, while the arrowed curves represent near-equilibrium
solution trajectories of εi tð Þ under small input velocity, v > 0 for
extension from (00) to (11) states, and v < 0 for contraction back
from (11) to (00), achieving a non-reversible cycle, as in.[1]

In order to enable a controlled choice between state transi-
tions, we now introduce a second symmetry-breaking mecha-
nism of designed variability between the force–-displacement
relations of the elements, Fi εið Þ. In particular, the variability is
manifested by changing the critical forces Fmax and Fmin for each
element, such that the second element is “weaker” than the first

one both in extension and contraction, as given in Equation (1).
The equilibrium curves for such case in ε1, ε2ð Þ-plane appear in
Figure 5d (unstable branches in dashed curves), illustrating that
the symmetry is broken. The colored arrowed curves represent
solution trajectories under small input v > 0 for extension from
state (00), followed by v < 0 for contraction back from (11). One
can see that the trajectories are closely following the stable equi-
librium curves, and then a rapid “snap” occurs when the stable
equilibrium branch ends, where the solution is repelled and then
attracted to a different stable branch. This illustrates a state tran-
sition sequence 00ð Þ ! 10ð Þ ! 11ð Þ ! 01ð Þ ! 00ð Þ.

Next, we consider the effect of increasing the input rate v.
Assuming for simplicity that v remains constant during exten-
sion, we show that there exists a critical rate,

vþc � 2 Fmax
2 � Fmax

1

� �
=c (3)

3

2

1
3

2

1

(a) (b) (c)

(d) (e) (f)

Figure 5. Illustrative maps of equilibrium curves in ðε1, ε2Þ plane for multistable actuators with N ¼ 2 elements. The grid of arrows describes the vector
field of solution trajectories, repelled from unstable equilibrium curves (dashed) toward stable equilibria (solid lines). a) Two identical elements, with
stable intermediate states fð0sÞ, ðs0Þ, ð1sÞ, ðs1Þg. Blue curves correspond to polynomial profile FðεÞ, whereas red line segments correspond to its tri-linear
approximation. b) Case where the intermediate states are unstable equilibria. c) The arrowed curves denote trajectories under small input rate, green color -
extension v > 0; orange color - contraction v < 0. The damping forces break symmetry and enable a non-reversible cycle of state transitions sequence
ð00Þ ! ð01Þ ! ð11Þ ! ð00Þ, as in.[1] d) With ordered variance between the elements as in (1). The symmetry is broken and equilibrium curves change
topology, such that element 1 snaps first in slow extension (green arrowed trajectory) and element 2 snaps first in slow contraction (orange arrowed
trajectory). e) Solution trajectories of extension v > 0, starting from state ð00Þ with different input rates v1 < v2 < vþc < v3. The high input rate v3 which
is beyond the critical rate vþc , changes the vector field dε=dt so that the trajectory can pass the “ridge line” of unstable equilibrium and fall into basin of
attraction of state ð10Þ, thus changing the order of snapping. f ) Solution trajectories of contraction v < 0, starting from state ð11Þ with different input rates
jv1j < jv2j < jv�c j < jv3j. The highest contraction rate v3 induces change in the order of snapping.
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such that for v > vþc the state transition 00ð Þ ! 10ð Þ changes to
00ð Þ ! 01ð Þ. This can be explained by visualizing the vector
fields in ε1, ε2ð Þ-plane. For very small input rate, the vector field
is close to that in Figure 5d, and the solution trajectory follows
closely the continuous stable equilibrium branch of 00ð Þ ! 10ð Þ.
According to the system’s dynamic Equation (2), increasing v
adds the constant upward vector 0, v½ �T to the vector field at
each point. Figure 5e shows solution trajectories εi tð Þ under three
different input rates v1 < v2 < vþc < v3, where the vector field is
shown for v ¼ v3 > vþc . One can see how the vector field is
rotated and drives the solution upwards. A similar situation
occurs in Figure 5f for contraction from state (11) with three
input rates v ¼ vj < 0, such that jv1j < jv2j < jv�c j < jv3j, with
a different critical rate,

v�c � 2 Fmin
2 � Fmin

1ð Þ=c < 0 (4)

For v ¼ v3, the vector field has an added downward compo-
nent which enables the trajectory to leave the (11) branch and
cross to (10). Table 1 gives a comparison of the critical input rates
vc for v > 0 and v < 0, calculated from Equation (3) to (4) and
(S5), Supporting Information under tri-linear approximation,
as well as from numerical integration of Equation (2) assuming
polynomial profiles for Fi εið Þ, as fitted from experiments. The
last row in Table 1 gives the actual critical input rates as obtained
from experiments shown in Figure 2. For more mathematical
details see Section B in the Supporting Information.

2.4.2. Analysis of Actuator Dynamics with Three Bistable Elements

By similar considerations as those applied in the analysis of a
system with two bistable elements, one can directly generalize
the concept to a multistable actuator with three elements. To this
end, pre-designed variability is introduced to the bistable behav-
ior of the elements, and the elements are arranged in series from
weaker to stronger, as formulated in Equation (1) and illustrated
in Figure 1d.

In this case, state 111ð Þ can be reached through six distinct
trajectories that all begin from state 000ð Þ, see Figure 6.
These trajectories are achieved in two separate steps. First,
one element snaps, resulting in one of the three intermediate
states 100ð Þ, 010ð Þ, or 001ð Þ. In the second step, another element
snaps, leading to the states 110ð Þ, 101ð Þ, or 011ð Þ. After these two
steps, any additional extension (v > 0) will drive the system to the
final state 111ð Þ.

During the first step, when the input rate of extension v is very
low, all elements experience almost the same force, causing the
weakest element to snap first and transition from state ‘0’ to ‘1’.
This results in the trajectory 000ð Þ ! 100ð Þ. For higher input
rates, the force distribution becomes more uneven, with rate-
dependent terms becoming more pronounced for elements
located closer to the actuated end of the chain. A critical rate

Table 1. Magnitudes of the critical input rate jvcj in ½mms�1� for the two-
elements system considered in Figure S1, Supporting Information. Row 1 -
Using tri-linear functions for approximating measured profiles FiðεiÞ and
the asymptotic approximation in Equation (S6). Row 2 - Using tri-linear
functions and solving the transcendental Equation (S5). Row 3 - Using
fitted polynomial profiles FiðεiÞ and iterative numerical integration of
the nonlinear dynamic Equation (2). Row 4 - actual values from
experimental measurements for iteratively obtaining changes in state
transition, with standard deviations indicated. The results demonstrate
the predictive power of the theoretical model and its simplified
approximations.

No. Critical input rate jvcj Extension v > 0 Contraction v < 0

1. Asymptotic approximation from
Equation (3) to (4)

26.17 27.51

2. Analytical approximation from
Equation (S9)

26.44 27.79

3. Integration of Equation (2)
for polynomial profile

25.59 26.30

4. Experimental results 25� 1 27.5� 1.5

Figure 6. Examples of several state transition diagrams for a multistate actuator with N ¼ 3 bistable elements, which offers 8 (or 2N) possible binary
states. a) State-of-the-art single-input actuators with ordered variability or dissipative damping as in[1] enable reaching any state, but the sequence of
quasi-static transitions from initial to target state is limited to a specific order, which results in long, often impractical, sequences. b) Single-input multiple-
transition actuator. Our concept enables following any desired complete-cycle trajectory with a single input. The number of complete-cycle trajectories is
36 forN ¼ 3 (generally ðN!Þ2). c) High-resolution single-input multiple-transition actuator, where intermediate states having one element at ‘s’ phase are
deliberately designed to be stable, enabling enhanced trajectory resolution with 20 stable states for N ¼ 3 (generally 2N�1ðNþ 2Þ).
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exists above which the next element snaps first to phase ‘1’,
resulting in the trajectory 000ð Þ ! 010ð Þ. This rate is approxi-
mately given by vþc,1 � 3 Fmax

2 � Fmax
1

� �
=c. At even higher rates,

the third element may snap first, leading to the trajectory
000ð Þ ! 001ð Þ. A separate critical rate exists for this transition,
represented as vþc,2 � 3 Fmax

3 � Fmax
2

� �
=2c.

The second step depends on the binary state reached in the
chain after the first step. However, the analysis in the second step
follows a similar pattern to that of the first step. There are three
critical rates that determine the possible transitions. The six
trajectories, along with their corresponding critical input rate,
are summarized in the Table 2.

2.4.3. N Elements

By applying similar principles to that used in the analysis
of systems with two and three bistable elements, the concept
can be directly extended to a multistable actuator with N
elements.

Consider a given stable equilibrium state. Under a very low
input rate of extension v > 0, all elements experience (almost)
the same level of force; thus, the weakest element is the first
to snap and change its phase from ‘0’ to ‘1’. For higher input
rate, the distribution of forces becomes less uniform, adding
rate-dependent terms which become larger for elements located
closer to the chain’s actuated end. Thus, there is a critical rate
above which the next element snaps first to phase ‘1’, and a
higher rate that can make a farther element to snap first. The
same principle applies also for contraction input v < 0, and
for stable intermediate states. That is, every transition between
two stable states, as those shown in the state diagrams in
Figure 2i, 3a, 4a, and 6, can be associated with an interval of input
rates v under which this transition is achieved. However, for
N > 3, explicit analysis as shown above for N ¼ 2, 3 becomes
more complicated, and the critical input rates that determine
each state transition can only be obtained using numerical inte-
gration of the actuator’s nonlinear dynamic Equation (2) using

fitted polynomial profiles for Fi εið Þ, as done in our experimental
demonstration with N ¼ 4 shown in Figure 4.

3. Materials and Methods

3.1. Fabrication of Bistable Elements

The bi-stable elements were made of PLA and fabricated using a
3D-printer Ultimaker 5s. Each element consists of two parallel
pairs of clamped-clamped bending beams with locally varying
thicknesses, as shown in Figure S1b, Supporting Information.
The geometry and thickness profiles of the beams were designed
in order to create the desired bistable force–displacement
profiles.

In order to characterize the force–displacement relation of
each bistable element, we have applied standard elongation
and contraction tests using Instron measurement system, as
shown in Figure S1c, Supporting Information. The output of
the system gives data points of force measurements versus dis-
placement. The discrete points obtained from measurements
under four extension-contraction cycles, were then fitted by a
5th-order polynomial, as shown in Figure S1d, Supporting
Information. The polynomial fit has also been used to extract
the values at extremum points fεmin, εmax, Fmin, Fmaxg, which
were then used in order to approximate the tri-linear profile,
as shown in Figure 1b.

3.2. Experimental Setup

3.2.1. Actuator

The bistable elements have been serially connected to 3D-printed
wheeled carts, moving on a supporting rail. In order to obtain
large viscous damping, the cart has been equipped with a strong
magnetic block, while an elongated copper plate (thickness
13mm) has been mounted to the rail, under the carts. The mov-
ing endpoint of the chain of elements has been connected to an
arm that moves on a track, actuated by a lead screw connected to
a stepper motor (HANPOSE 23H65628), which is commanded
by a microcontroller, in order to obtain fixed-rate elongation or
contraction of a chain ofN elements. The motion of the elements
and the arm have been captured using a digital camera mounted
on top of the setup. Marker stickers on the elements were
detected and tracked using Matlab image processing toolbox,
in order to obtain time series of the elongation of each element.

3.2.2. 3-link Robot

The 3-link robot has been mounted on the cart connecting two
bistable elements, as shown in Figure 3. Each side link of the
robot has been connected to a bistable element by a ‘<’-shaped
coupling link connected at its endpoints to passive joints. The
dimensions of the coupling link and location of its connection
points were designed such that the open, closed states of the
bistable element result in elbow up, down angles of the robot’s
side links, respectively. The robot’s links and their connecting
joints were made of ABS, and 3D-printed using Ultimaker 5 s
printer.

Table 2. Six trajectories derived from the actuator dynamics of three
bistable elements, along with their corresponding critical velocities. For
brevity, we denote ΔFij ¼ Fimax � Fjmax.

First step input rate region

(000) ! (100) v < 3ΔF21/c

(000) ! (010) 3ΔF21/c < v < 3ΔF32/2c

(000) ! (001) v > 3ΔF32/2c

Second step input rate region

(100) ! (110) v < 3ΔF32/2c

(100) ! (101) v > 3ΔF32/2c

(010) ! (110) v < ΔF13/c

(010) ! (011) v > ΔF13/c

(001) ! (101) v < 3ΔF13/c

(001) ! (011) v > 3ΔF13/c
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3.3. Numerical Analysis of the System’s Dynamics

We have created a computational simulation code for the numer-
ical integration of the N-element system’s coupled nonlinear
dynamic Equation (2). The integration was performed in
Matlab using the ‘ode45’ adaptive-step integrator. The force–
displacement relations of the simulated elements were based
on the 5th-degree polynomials fitted from experimental measure-
ments. The value of the damping coefficient in the experiments
was extracted from preliminary calibration experiments of mag-
netic force measurements, and was estimated as c ¼ 15Nsm�1.
The numerical code enables analyzing equilibrium states of the
N-element systems, as well as their stability. In addition, it ena-
bles numerically finding critical values of input rate of the total
chain elongation/contraction that result in changing the order of
state transitions, as well as their dependence on the bi-stability
profiles of the elements. We have used the simulation code in
order to design properties of our N-element systems for achiev-
ing desired sequences of state transitions.

4. Discussion and Conclusions

We presented a novel concept that paves the way for realizing
a new class of robotic actuation and sets the stage for the
next-generation of soft robots with minimal control and maximal
dexterity. This is accomplished by exploiting the unique dynamic
behavior of multistable elastic structures that are comprised from
an array of mechanically coupled bistable elements. By combin-
ing rate-dependent dissipation at the single-element level with
carefully and cleverly pre-designed differences in the bistable
behavior of the elements, we are able to facilitate any desired
multistate transition using a single dynamic input.

Our experiments showed that we can choose between any
desired trajectory out of 576 possible ones with a 4-DOFs system,
using a single control input. The actual use of such single-input
control actuator was demonstrated by connecting it to a 3-link
robot, representing a Purcell’s swimmer or a simple snake-like
robot, where it was illustrated that it provides any desired func-
tional deformation cycle with a single input. Importantly, the pro-
posed concept can be realized at any practical scale and it does
not require activation by external (e.g., magnetic or electric)
fields. The latter is particularly important since the employment
of such fields may restrict the use of the actuator due to potential
interference with sensitive electronics or optical components.
Our extensive analysis, based on theoretical, numerical, and
experimental study, has validated the feasibility and applicability
of this concept, and provided important insights and guidelines
regarding the design of such multistate actuators. It was also
shown that the extraordinary ability to choose any desired
sequence of state-transitions can be directly extended to any
number of DOFs, enabling the control over a very large number
of possible trajectories, which goes as N!ð Þ2 where N is the num-
ber of DOFs, with a single controlled input.

Although these promising results highlight the potential of
our approach, several key directions remain for future research.
First, it is necessary to demonstrate the proposed concept on
additional robots with multiple DOFs, particularly those
designed for industrial applications. Additionally, the dissipation

mechanism should be generalized to be an integral part of the
robot’s soft structure, rather than relying on external rigid com-
ponents such as magnets. Another important step is to incorpo-
rate the actuator and its bistable element network directly within
the robot’s structure, further enhancing its integration and
efficiency. Finally, exploring more complex interconnections
between the elements—potentially evolving into a “learning
network”—could open new possibilities for adaptive and intelli-
gent actuation.[122] These future advancements will further
strengthen the potential of our approach, pushing the boundaries
of soft robotics, multistable actuators, and single-input control
strategies.
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