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This work analyses the viscous flow and elastic deformation created by the forced
axial motion of a rigid cylinder within an elastic liquid-filled tube. The examined
configuration is relevant to various minimally invasive medical procedures in which
slender devices are inserted into fluid-filled biological vessels, such as vascular
interventions, interventional radiology, endoscopies and laparoscopies. By applying
the lubrication approximation, thin shell elastic model, as well as scaling analysis
and regular and singular asymptotic schemes, the problem is examined for small
and large deformation limits (relative to the gap between the cylinder and the
tube). At the limit of large deformations, forced insertion of the cylinder is shown
to involve three distinct regimes and time scales: (i) initial shear dominant regime,
(i1) intermediate regime of dominant fluidic pressure and a propagating viscous-peeling
front, (iii) late-time quasi-steady flow regime of the fully peeled tube. A uniform
solution for all regimes is presented for a suddenly applied constant force, showing
initial deceleration and then acceleration of the inserted cylinder. For the case of
forced extraction of the cylinder from the tube, the negative gauge pressure reduces
the gap between the cylinder and the tube, increasing viscous resistance or creating
friction due to contact of the tube and cylinder. Matched asymptotic schemes are used
to calculate the dynamics of the near-contact and contact limits. We find that the
cylinder exits the tube in a finite time for sufficiently small or large forces. However,
for an intermediate range of forces, the radial contact creates a steady locking of the
cylinder inside the tube.

Key words: biological fluid dynamics, low-Reynolds-number flows

1. Introduction

This work studies the dynamic response of a liquid-filled tube due to the forced
axial motion of an internal rigid cylinder. This configuration is relevant to various
minimally invasive medical procedures in which slender devices are inserted into fluid-
filled biological vessels. For example, recent technologies for Percutaneous coronary
intervention involve insertion of cylindrical devices into blocked blood vessels (Rogers
& Laird 2007; Davis 2015). Similar methods are used in the field of interventional
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radiology, such as laser angioplasty (Serruys, Foley & De Feyter 1993), microvascular
plug deployment (Pellerin et al. 2014) and removing blood clots by thrombolysis and
thrombectomy (Dunn & Weisse 2015). Additional relevant procedures are endoscopies
of body organs which contain liquid, e.g. cystoscopy (Chew et al. 1996), as well as
the frequently used procedure of urinary catheterization (Nacey & Delahijnt 1993).

The examined configuration is actuated by an external force which induces a viscous
flow field, applying fluidic stress on the fluid—solid interface and creating deformation
of the tube, thus modifying the flow field. This interaction between viscous and
elastic effects is relevant to various research fields (Duprat & Stone 2015), including
locomotion at low Reynolds numbers (Wiggins & Goldstein 1998; Camalet & Jiilicher
2000), flow in flexible and collapsible tubes (Heil 1996, 1998; Marzo, Luo & Bertram
2005) and the dynamics of membrane-bound particles (Vlahovska et al. 2011; Abreu
et al. 2014) among many others (Lister, Peng & Neufeld 2013; Hewitt, Balmforth &
De Bruyn 2015; Elbaz & Gat 2016).

Fluid—solid interactions, in geometries similar to the one investigated here, have
been extensively studied in the context of medical operations and biological flows.
For example, previous works analysing the fluid mechanics of catheterized arteries
include Karahalios (1990), who investigated flow in an axisymmetric cross-section
of a catheterized artery, and estimated the shear stress at the artery wall due to
catheterization. Sarkar & Jayaraman (2001) modelled the pulsating blood flow in
the annular cross-section between a catheter and an elastic tube and calculated the
induced pressure gradient along the elastic tube. Vajravelu et al. (2011) modelled
a non-Newtonian Herschel-Bulkley fluid flow in an elastic tube, representing a
catheterized artery. Kumar et al. (2013) showed that the effective viscosity, flow rate
and arterial wall shear stress are significantly altered in the catheterized site.

Other relevant works studied the motion of closely fitting solids in elastic tubes
filled with viscous fluid, as a model of blood cells in narrow capillaries. Such
problems involve the effects of the hydrodynamic stress generated in the lubricating
film between the two bodies and the elastic stress which develops as a result of
the contact of the particle and the tube. This type of analysis was first done by
Lighthill (1968) who provided analytical solutions for the pressure field in such
configurations, as well as predicting a necking phenomena next to the contact point.
Later, Tozeren, Ozkaya & Tozeren (1982) found the force required to maintain
the motion of the particle, in addition to calculation of the fluid pressure field and
the elastic deformation. Tani et al. (2017) examined the friction force between the
inner solid and the elastic tube in the case of a dry sphere—tube contact and in
the case of lubrication by a thin fluid layer. Another recent relevant work is Park
et al. (2018), who presented both analysis and experimental data of viscous flow in
a bio-inspired soft valve configuration. In this context, the authors studied a cylinder
and a concentric sphere with a narrow gap between them, and obtained the effect of
the sphere on the nonlinear relation between the externally applied pressure difference
and the flow rate.

The aim of this work is to analyse the motion of a solid cylinder within a
liquid-filled tube, due to a prescribed external force, in relevance to various medical
procedures. In §2 we begin by defining the geometrical and physical properties of
the examined configuration, as well as stating the governing lubrication equation and
integral constraints of the system. Analysis of the simpler case of small linearized
elastic deformations is presented in §3. We then present the large deformation
nonlinear dynamics for insertion (§4) and extraction (§5) of the cylinder from the
elastic tube. In § 6 we provide concluding remarks.
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FIGURE 1. (Colour online) Illustration of the examined configuration (at rest) and
definition of the coordinate system. A rigid tube is located within a semi-closed
liquid-filled elastic tube. The cylinder can be extracted from, or inserted into, the tube
by an external axial force; hy is the initial gap between the cylinder and the tube, /, is
the length of the inserted tube, r, is the radius of the tube, [ is the length from the inlet
to the constriction closing the tube, r; and r, are the inner and outer radii of the tube,
respectively.

2. Problem formulation and governing equations

We study a Newtonian, incompressible, creeping flow due to the motion of a rigid
cylinder within a liquid-filled elastic tube, as shown in figure 1. The inner cylinder
represents a simplified model of a minimally invasive medical device and the linearly
elastic tube is a simplified model of a bounding biological vessel (artery, urethra, etc.).
An external force is applied on the cylinder, which consequently moves in relation to
the tube.

Assuming axisymmetry, we denote a cylindrical coordinate system (x, r) with
origins at the centre of the opening of the tube. We denote time ¢, liquid velocity
(u, v), liquid gauge pressure p, liquid viscosity u, liquid density o and volume flux
v,(¢) entering or existing the tube through the inlet. We denote the length of the
cylinder which penetrated into the tube [,, Young’s modulus of the tube E, tube
radial deformation d,, tube inner radius r; and outer radius r,, tube length [, tube
wall thickness w = r, — r;, inner cylinder radius at rest r,. The gap between the
cylinder and the tube at rest is hy =r; — r,: f.(f) denotes external force applied on
the cylinder; z is an auxiliary moving coordinate located at the tip of the penetrating
cylinder, and is related to the x coordinate by z=1,(1) — x.

Hereafter, normalized variables are denoted by uppercase letters and characteristic
parameters are denoted by lowercase letters with asterisks (e.g. if f is a dimensional
variable, f* is the characteristic value of f and F = f/f* is the corresponding
normalized variable).

We define the normalized coordinates X, R (starting at the tube inlet), the normalized
moving coordinate Z (starting at the penetrated side of the cylinder), and time T

X=>, R=—, 7= T=—. (2.1a—d)

The normalized radial deformation D,, pressure P, external force F, and penetrated
length L, are

d, ) l
Dr:77 P=£a Fe=£7 Lpzi, (22a—d)
d P I s
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where the relations between d7, p*, l;j, f7 and ¢* are derived for various limits in the
following sections. The ratio of initial gap hy to characteristic radial deformations is
denoted by

ho
A= d—;k (2.3)
Small ratios required in applying the lubrication approximation are
h d*+h d* + hy pu*(hy + d*
oy, &ty Ethopwlotd) (2.4a—c)
ri L Ly %

corresponding to a slender configuration in both axial and radial coordinates, along
with negligible inertial effects. The elastic shell model requires the small ratios

s

d
s <1, -1, (2.5a,b)

1 1

corresponding to thin wall thickness and small elastic deformations.
The ratio between the penetrated length of the cylinder and the length of the tube
is defined by
l*
=<1 (2.6)
For the majority of this work, we will use the leading-order relation between the
pressure inside the tube and its radial deformation (Timoshenko & Woinowsky-Krieger

1959),

Ewd*
DT

and thus p* = d*Ew/r?, and P = D, for all cases hereafter. Relation (2.7) assumes
linear elasticity, corresponding to small deformations and constant wall thickness
(Timoshenko & Woinowsky-Krieger 1959), and does not include the effects of
viscous shear which were shown to be negligible in the examined configuration (see
Elbaz & Gat 2016).

In order to obtain the governing equations, we apply the lubrication approximation
for flow in the gap region between the cylinder and the tube. Normalizing the
lubrication equations according to (2.1)-(2.2) and neglecting O(hy/r;) terms yields
the relevant Reynolds equation (the derivation is given in appendix A)

9P DN\’| &1, 8 [0L D
“(1+= 1= (122 | =o0. 2.8
8X< * /lh> * [ ( - )] o

2 ax | aT A
The Reynolds equation is supplemented by two integral constraints (see also
appendix A for an abbreviated derivation of these equations). The first is integral
mass conservation, given in scaled form by

2rdil ! mip*rt "1 9P
L, —L,(0) — = D, dX + - ——
2l 6r,ul o L,0Z

p'p

oD,  Ewh} 9

aT  rP12ul? 9X

dT) =0, (2.9)
Z=1

where gauge pressure at the inlet is zero, P(X =0) = D, (X = 0) = 0. The first term
in (2.9) is the volume of liquid displaced by the advancing cylinder, the second term
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is the volume change due to solid deformation and the last term is the total volume
of the liquid which exited the system through the annular inlet since T =0.

The second constraint is a scaled integral momentum equation on the inner cylinder
given by

nript . 2mr, ul*? oL, (' dZ
Fe——”p P(Z:O)—ipup {L ”/ =0, (2.10)
0

Iz difse | 7aT Jy A +D,

e

where the first term is the external force, the second term is the pressure at the base of
the penetrating cylinder (Z=0) and the third term is the shear stress on the cylinder
wall (R=R,).

Since a general analytic solution of the above equations is not available, approximated
solutions for various limits will be pursued in the following sections in order to
provide insight regarding the examined configuration. We begin by examining the
simplest linearized limit.

3. Linearized insertion and extraction dynamics, |f,| < Ehgw

In this section we begin studying this problem by examining the simplified
linearized case of small deformations where A, > 1. For A, = hy/d’ > 1 and
hol/r;l; < 1, order of magnitude analysis of (2.9) yields

67, ul*?
p= 3.1)
hop

and substituting (3.1) into (2.10) yields p* =f;/mr; and P(Z=0)=F, + O3 /r7).
In order to obtain approximated solution of (2.8), under the integral constraints (2.9)
and (2.10), we introduce the regular asymptotic expansions

P(Z,T)=D,(Z,T)=D,o+4,'D,, (3.20)

and
L(T)=L,o+4,'L, . (3.2b)
Substituting the expansions (3.2) and collecting terms for each order, the leading

order of (2.8)—-(2.10) is given by

Py

T 1 ap,
822 — O’ Lp,O - Lp(o) + P

0 Lp,O 82

dT' =0, (3.3a,b)

7Z=1

along with the boundary conditions Py(Z=0,T)=F, and Py(Z=1,T) =0. The
leading-order equations are readily solved, yielding

T
L,,,O(T):\/z / F(1)dT +L,*(0), Py(Z,T)=(1—2)F.,. (3.4a,b)
0

Substituting the expansions (3.2) and collecting terms of order O(1,”!) of (2.8)-
(2.10), yields the first-order equations

9%P, ! 9P,
—=0, L, — [ D odX— —
972 0 o 97

Lp1

dT =0, (3.5a,b)

: 2
7=1Lp0
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along with the homogeneous boundary conditions P;(Z = 0, T) = 0 and
P(Z=1,T)=0.

In order to solve (3.5), the integral of the leading-order deformation is split into
two regions,

1 1 1
/ DrdX:s,Lp/ D, d2+/ D, dX, (3.6)

0 0 eilp
where the first region represents the penetrated region (see region Z > 0 in figure 1)
and the second region represents the unpenetrated region of the tube in which the

pressure is approximately constant and equals Py(Z = 0, T) = F,. Substituting (2.7)
into (3.6), yields

1 1
/D,,deza,L,,,o/ (1 — Z)F.dZ + F.(1 — e/L,0) = F, (1—% po). GBI
0 0

Differentiating (3.5) with respect to T after substituting the expression obtained

in (3.7), as well as the solution ofPy(Z, T) from (3.4), yields the ordinary differential
equation governing L, ;

8Lp1 Fe 8 LpO
LRI S P 38
aT +L§,0 2 BT[ < ) ﬂ (3-8)

and thus the first-order correction, which accounts for effects of elasticity, is

T -
Lp = e fOT (Fe/Lﬁ'o)dT / i |:Fe (1 — gllw):| efOT (FL,/L;O)d'L' dT, PI(Z’ T) =0.
: , T 2
(3.9a,b)

We illustrate these results in figure 2, showing the motion of the cylinder for
various external force profiles. The leading-order solutions L,, given by (3.4)
represent reference rigid configurations and are marked by solid lines. The effect
of elasticity is presented by the difference between the leading- and first-order
solutions, L, o +/1,le1,,| given by (3.9a,b) and marked by dashed lines. The actuating
external force versus time profiles are presented as insets within the panels. For all
panels, the normalized initial insertion of the cylinder is L,(T = 0) = 0.5, the ratio
of cylinder to tube length is ¢ = [7/l = 0.1, the initial gap to tube radius ratio is
ho/r, =0.1 and the initial gap to radial displacement ratio is A, = ho/d; = 10.

Panels (a) and (b) present the motion of the inner cylinder due to a sudden positive
forcing (F, = SH(T — 0.2)) and gradual negative forcing (F, = —0.5 tanh(27)). For
positive forcing, as expected, elasticity increases the penetration of the cylinder into
the tube. While the positive pressure reduces viscous resistance via increased gap
thickness, the dominant effect is related to deformation created ahead of the inner
cylinder, which allows penetration of the cylinder due to displacement of liquid
via the increased cross-sectional areas. This is evident also in panel (b), where
elasticity decreases L,, even though negative pressure increases viscous resistance
in this case. Panels (c¢) and (d) present forcing patterns of respectively positive and
negative Gaussian profiles with a mean of 0.5 and variance of 0.05%. In this case,
tube elasticity creates a maximum point, and thus changes the direction of motion of
the inner cylinder as the elastic energy stored in the tube is gradually released.

The linearized limit used in this section allowed a short preliminary examination of
the system dynamics for a simplified case, showing the effect of elasticity on viscous
resistance, as well as the effect of potential elastic energy. We proceed to examine
nonlinear configurations in the following sections.
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FIGURE 2. (Colour online) Motion due to various external force profiles. Smooth lines
denote (rigid) leading-order solution (3.4) and dashed lines denote first-order solutions
which include effects of elasticity (3.9a,b). In all panels L,(T = 0) = 0.5, ¢ =
0.1, ho/r, = 0.1 and A, = 10. The examined force profiles (see insets) are F.(T) =
5. H(T — 02) (a), —0.5 - tanh(2T) (b), 1.5 - exp[(—=T —0.5)*/2-0.05%] (c), —0.4 -
expl(—T — 0.5)?/2-0.05%] (d). The leading-order motion is always is the direction of the
external force. However, elastic effects yield extrema points for non-monotonic forces (c,d),
along with a motion of the cylinder in the direction opposite to the external force.

4. Nonlinear insertion dynamics, f, > Ehow

This section examines a sufficiently large positive external force which inserts
the cylinder into the tube and creates large deformations compared with the initial
gap between the inner cylinder and the external tube (i.e. 4, = hy/d’ < 1). In this
limit, as shown below, the Reynolds evolution equation (2.8) is reduced to a porous
medium equation, a nonlinear diffusion equation characterized by solutions with
distinct propagation fronts. The non-smooth front separates a pressurized region
with significant deformation of the tube and a region of zero gauge pressure (trivial
solution) and zero deformation of the tube where the front has not propagated yet.
We refer the reader to Vazquez (2007) for a detailed discussion of such equations.
This section will focus on the dynamics involving such a front, and thus an additional
geometric division is required, separating the region before the front and after the
front. This division is presented in figure 3.

The location of the front is denoted hereafter as Zr, and in normalized form by

Zp =L 4.1

The three different domains are presented in figure 3 and include: (I) the unpeeled
region Zr(t) <Z < [,(t) which the deformation front has not yet reached, (II) The peeled

lubrication region 0 <z < Zzp(f) and (III) [,(r) < x </, the uniformly pressurized bulk
of the tube.
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FIGURE 3. (Colour online) Illustration of the configuration for an external insertion force,
in the limit of large deformation. We distinguish between three domains: the unpeeled
region, the peeled region and the uniformly pressurized region. These domains change in
time due to the advance of the cylinder, [,(f), and the propagation of the peeling front,
Zr(1).

4.1. Scaling and derivation of governing equations
The above physical limit allows us to simplify the governing Reynolds’ equation, as
well as the integral mass and momentum conservation constraints (2.9)—(2.10).
The compact support of the fluidic front (see discussion below (4.13)) allows us to
simplify the integral mass conservation to

2rd*l - Z
(1 —eL,)PZ=0)+¢L, | D,dZ|. 4.2)
0

2 I%
rp lP

L,—L,(0)=

For the integral force conservation equation, the effect of shear at the peeled region
IT can be neglected compared with the unpeeled region I, thus simplifying (2.10) to

2 %
P pz=0)- 10
f;}* f:hot*

Together with (2.7) and p* =f/ nrlz, we can simplify (4.2) to

F,—

27tr, ul? oL -
p“”P”;a—aﬂza 4.3)

P(Z=0)=

ZF
L D,dZ
Ewl: L, — L, P/ ’
b [P A )}_g B T—— (44)

21p*rp 1-— 81Lp 1-— ‘9le

and scaling of (4.4) therefore yields [ = p*2ir,/Ew. Substituting (4.4) into (4.3), the
set of equations governing the large deformation limit are

Zp(T) .
L, l—s,/ D.dzZ | — L,(0)
0

l_gle

oL, -
F,= T \LS (= ZT) | (@45a)
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and ~
aD, o (14P ,\ (1-22)0L,dD,
=I,— | =—=D) | - — 22T (4.5b)
oT 0Z Lg 0Z 2L, OdT 9z

where, by using the obtained relations between the characteristic values (f = p*nrz,
[, =p*2Ir,/Ew and d; = p*r?/Ew) I, and IT, can be presented in terms of f*, t* and
known geometric and physical parameters of the problem,
812 s FEfE 4
L SN L 4.5¢)
wr,ho(Ew)?t* n48ulzr;‘
For a prescribed f, two different time scales are evident in (4.5). The first is

. SPuf;
shear = gy, ho (Ew)?’

(4.6)

which is the time scale in which shear is a leading-order term in (4.5a), (shear is
described by the second right-hand side term). For * <}, .., pressure effects can be
neglected in (4.5a) and the dominant balance would be between the external force and
viscous shear.

The second time scale is

48 ulr
t _—

peeling = 4
e T

4.7)

and represents the time scale in which pressure-driven flow is a dominant term in
region II (see first right-hand side term in (4.5b)).

4.2. Matched asymptotics

The value of 1, decreases with ¢* while I, increases with ¢*, thus indicating that the
early-time dynamics is governed by shear, while the late-time dynamics is governed
by pressurization of the liquid within the tube. Hereafter, in order to proceed, we limit
our focus to configurations with the small ratios of

t* *
g = L1, o="7<1. (4.8a,b)

peeling

Additionally, this section examines the response of the configuration to a specific case
of suddenly applied external force of the form

F.=H(T), 4.9)
where H(T) is the Heaviside function.
4.2.1. Outer region

For time scales of " =17 ...
order (4.5) is simplified to

Zp(T) 5
L, 1—8,/ D,dZ | — L,(0)
0

1— Ele

we obtain I, =1 and I1, = ¢, and thus the leading

F.= + O(gy), (4.10a)
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and

ap, 9 (1 0P 1 —27) 9L, dD,
< 3) _ (=229, (4.10b)

oT 0z \L207 ' 2L, T 97
Within the outer region, we apply regular asymptotics with regard to the second small
parameter & (which is >>¢,). The asymptotic expansions for both L, and P =D, are

defined by
Lp:Lp,O+‘91Lp,ls P:Dr:Dr,0+81Dr.l' (411)

Applying standard asymptotic procedure to (4.10a) yields

Zp(T)
L,=F,+L,0)+¢&F,.+L,(0)) (/ D,,dZ — Fe> , (4.12)
0

which depends only on the leading-order deformation D, . Substituting L, from (4.12)
into (4.10b), yields the partial differential equation governing D, ,

aD,o 1 0?

OT — 4(F.+L,(0))* 922

which is a porous medium equation of order 4, supplemented by the initial condition

of D, ((Z,0) =0 and boundary condition of Py=D,((0,7)=1 (we set F,=H(T >0)
=1).

Self-similar treatment of the above equation (4.13) is possible, following the

approach presented by Zel’dovich & Kompaneets (1950) and Barenblatt (1952).
Defining the self-similar variable

(D} ). (4.13)

n=2F,+ L,,(O))% (4.14)
yields an ordinary differential equation for f(n) =D,
(F*m)" + inf () =0, (4.15a)
along with initial and boundary conditions
fO)=1, f(n)=0. (4.15b)

Equation (4.15) can be solved numerically (see Vazquez 2007; Elbaz & Gat 2016),
yielding

ny =1.704, /Wf(n) dn=1.305. (4.16)
Evaluating (4.14) at 7y and substituting i(;l the result from (4.16) gives
_ T!/2
ZF:0.852m, 4.17)
as well as the mass flux entering region II
Zr 5 82 ny 1/2
/0 D,odZ = an /0 fpdn= 0.652m. (4.18)

Substituting (4.18) into (4.12), yields the solution for L, for the outer region
L,=F,+L,(0) +&[0.652(T""*) — F,(F, + L,(0))]. (4.19)

The initial condition L,(0) of the outer region needs to be related, via matching, to
the inner-region solution derived in the next subsection.
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4.2.2. Inner region
We introduce the rescaled inner-region coordinate

- T
T=-. (4.20)
&y

For the inner region we observe the system from the shear time scale, * ~ &1, ;...
when the peeling process has a negligible effect on the system. The peeling front
remains immobile up to a &, correction, hence Zr(e,T) ~ O(g,). Thus, the leading-order
O(1) balance in (4.5a) yields the inner-region solution l_,,,:

- oL -
L, 3 ? =—L,+L,00) +F,, 4.21)

el

which is the Abel equation of the second kind (Zaitsev & Polyanin 2002), for which
a closed-form solution for Heaviside function forcing, F.(T) = H(T) is available. The
inner-region dynamics is thus given by

L(T)—(L(0)+F)<1+W[—1e (—1—T+C>D 422)
p) = Ly ¢ LO)+F T LO+FE/)]) '

where W(T) is the Lambert-W function (Corles e al. 1996) which satisfies W (xexpx)
= x. The initial condition L,(T =0) =L,(0) gives the constant C:

C = —(F, + L,(0)In(F,) — L,(0). (4.23)

4.2.3. Uniform solution
Matching between the inner and outer regions is required in order to obtain a
uniform asymptotic solution. This yields the requirement

lim L, =1lim L, (4.24)

T—00 T—0

and thus Z,,(O) + F_g = L,(0) + F,, and I:,,(O) = L,(0). The composite expansion is
therefore given by L,(T) + L,(T) — (L,(0) + F.), yielding
L Ly +Fo {146 | 20200
uniform — e |V — L.
P, unif P l Fe+Lp(0)

1 T/e,+C
+ W [_LP(O) TF exp (—1 — 7L,,(O) n Fe):| } , (4.25)

which is the uniform solution representing the response of the configuration to a
sudden external load. The above solution incorporates the effect of a propagating
front. However, the location of the front will reach the end of the tube for
T > [(F, + L,,(O))/O.SSZ]2 (see (4.17)). Before proceeding to discuss and present
the uniform solution (5.37), we will approximate the dynamics of the post-peeling
regime and connect it to the uniform solution presented above.
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4.2.4. Post-peeling dynamics

After the peeling front reaches the outlet, the entire tube is peeled and the viscous
resistance can be approximated by the quasi-steady deformation solution of the
Reynolds equation (4.13)

D, ~ (1 —2)"*P(0) (4.26)
for t* ~1,,,,» integral force balance yields P(0) = F, and integral conservation of
mass yields

oL, F?
—P g , (4.27)
oT L,(T)

which is obtained by substituting (4.26) into the third left-hand side term of (2.9) and
differentiating with respect to time. Integrating (4.27), we can obtain the post-peeling
solution

L= \/Lg(T = Ty) + 26/(T — Tp)F* (4.28)

valid for T > Ty = [(F, + L,(0))/0.852]2.

4.3. Summary of nonlinear insertion dynamics

We illustrate these results in figure 4, which presents the location of the cylinder
within the tube (L,) versus time, for the normalized parameters F, = H(T), &, = 0.1,
& = 0.05 and initial condition L,(0) = 0.1. The figure presents the uniform
solution (5.37) for 0 < T < Ty and the post-peeling solution (4.28) for T > Tjp,
where Ty = [(F, + L,(0)) /0.852]%. The response of the examined configuration to a
suddenly applied insertion force, at the large deformation limit (1, =d}/hy > 1), is
shown to involve three distinct regimes. In the first regime (inner regime, §4.2.2) the
motion of the cylinder is governed by a balance between the shear stress, the fluidic
pressure and the external force, while the effect of viscous peeling is negligible.
As t increases, the effect of shear decreases while the fluidic pressure increases. In
the second regime (outer regime, §4.2.1) the cylinder decelerates and the external
force is balanced by fluidic pressure ahead of the cylinder, while effects of shear
are negligible. The motion of the cylinder in this regime is governed by a balance
between the fluidic volume which is displaced by insertion of the cylinder and the
fluidic volume required to peel the inner cylinder from the external tube. Finally, as
the peeling front reaches the inlet of the tube, a third post-peeling regime is obtained
(§4.2.4). In this regime the cylinder motion is governed by a balance between the
volume displaced by the cylinder and the fluidic flow outside of the configuration.

The next section we proceed to examine the opposite case of extraction of the
cylinder from the tube.

5. Nonlinear extraction dynamics, f, < —Ewhy

This section will examine the forced extraction of an inner cylinder from a
liquid-filled tube. In this case, a negative external force f,(f) < 0 creates a negative
gauge pressure within the tube, and thus negative deformations. We will focus on the
nonlinear limit involving negative deformations of the order of A, or greater (where
hy is the initial gap between the cylinder and the tube).

The dynamics during extraction can be described by the previously derived
results for insertion for the small deformation limit (df/hy < 1, see §3), as well
as for the initial shear-dominated inner-region large deformation limit (d'/hy > 1,
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FIGURE 4. (Colour online) The location of the cylinder within the tube L,, and liquid
pressure ahead of the cylinder P(Z =0), versus time 7. The presented results are for the
configuration defined by L,(T=0)=0.1, ,=0.1, & =0.05 and F, =H(T). The white, light
grey and dark grey parts denote the inner, outer and post-peeling regions, respectively.

r* ~ 8Pufr/mr,hoE*w? see §4.2.2). However, outer-region solutions at the large
deformation limit (d*/ho > 1, * > 8Puf’/nr,hoE*w?) exhibit essentially different
dynamics. The negative gauge pressure created during extraction closes the gap
between the cylinder and the tube, and may create contact between the two solids.
This section will examine the case of nearly contacting cylinder and tube (see
figure Sa, §5.1) and the case of contact (see figure 5b, §5.2).

5.1. Near contact, f, — (—ZJTEWhor,%/r,-z)Jr

For the limit of near contact between the tube and the cylinder (see figure 5a) we
define the normalized gap at X =¢,L, by

Dy |x=cr, + 1 =éncHye,  ene <1, (5.1)

where Hyc is the scaled minimal gap and the small parameter eyc will be later
related to the extraction force (alternatively, Hyc = (d,|s=, + ho)/(encho) ~ O(1)).
This limit can be leveraged to the simplification of the governing equations, allowing
analytical treatment. While the governing integral conservation equations of mass
and momentum are largely unchanged, the equations governing the flow field and
deformation are significantly modified.

5.1.1. Governing equations

The rapid change in fluid pressure near X = ¢/, for eyc — 0 requires us
to include elastic bending effects in the X direction. Following Timoshenko &
Woinowsky-Krieger (1959), the deformation of a circular cylindrical tube loaded
axisymmetrically is described by

*D,(X, T
g DX, T)

x4 +D,X, T)~PX,T), (5.2)
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FIGURE 5. (Colour online) Illustration of the configuration at extraction for (a) near-
contact and (b) contact cases. Panel (a) presents the near-contact case, where the gap at
ho+d.(Z=0) — 0", thus nearly separating the liquid into two regions. The slope at =0
is given by «. Panel (b) presents contact, where the gap sy + d,(z=0) =0, and additional
friction forces (f,,f;) act on the elastic tube. The forces (g;, go) are projections of the
friction into the directions normal and tangent to the surface of the elastic tube.

where

wrr?
1214(1 —v?)’
the deformation D is scaled by d* =h, and the pressure P is scaled by p* = Ewhy/r?.
The external force F, is thus scaled by f = Tl?r;p*. Equation (5.2) replaces the previous
relation (2.7) between fluid pressure and elastic deformation.

The limit of near contact is singular with regard to fluid resistance, and thus viscous
resistance is defined by the small finite parameter eyc. Focusing on the region near
x=1,, we apply a Taylor series around X = ¢,L, and neglect higher-order terms. This
allows us to simplify the pressure-flux relation to

K= (5.3)

. D"k OP
O=-"PH% p 41y
3ugtl 0X
3
wrip*hd P oD,
~ P Oy X—slL) | , 5.4
3ugil X e, +1+ 5 x:s,Lp( i) e
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where Q is scaled by §* = wurip*hy/3ul. Integrating from X =¢,L, to X, and extracting
the pressure difference in terms of flux Q, yields

-1
D .
0
X=¢/L,

0X
-2
X —¢L,) 2 9D
X=¢/L, ’ X

oD,
— | D, |x=a,L,, 9x

For eyc — 0 the pressure difference P|x—;, — P|x asymptotes to a constant, defined
only by the conditions near X = ¢L,. Applying P(X =0) =0, and D,|x—, + | =
Hycene < 1, we note that the first right-hand side term of (5.5) is O(e}), while the
second right-hand side term is O(1), thus the following relation is obtained:

O~ —2¢2 D P
NC 9X NC

representing the flux only by the conditions at X = ¢,L,, (where P(X =0) =0). Thus,
the governing integral mass and momentum conservation equations for extraction are

aD,
Plx=er, — Plx = (Dylx=er, + n~—? <—2

-1
0.
X=¢L,

(5.5)

) (5.6)

X=¢L,

2r,~hol ! thWt*EIZVC 8D ~
Lp - Lp(O) == 2 1% DrdX - T HNCP dT (57)
robs Jo 3ulyrylri Jo 0X X=¢iL,
and ,
2uli*r? oL 1 aqz
Fe - PIX:F,[L, - Mipzl Lpip == O- (5.8)
" r,Ewhyt* aT Jo 1+D,

These equations are similar to §4.1, with the exception of the last right-hand side
term in (5.7), representing mass flux Q Scaling of (5.7) and (5.8) yields

2}",‘]’101

2
rl’

*_
=

(5.9)

and two dimensionless ratios
= hEwe3 1* i, = 8ulrr!
6ulkr? -’ rSEwrs’

(5.10a,b)

Similarly to the case of nonlinear insertion dynamics, the ratio I1; decreases with r*

while I7; increases with #*, suggesting different early-time and late-time dynamics.
Thus two corresponding time scales are evident. The first is the time scale of the
initial shear-dominated regime

. 8,bblz 4

shear — rg Ew .

(5.11)

The second time scale is of the late-time motion due to flow through near-contact gap
between the cylinder and the tube,

6 12 2
£ = “7. (5.12)
hogzvc
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For the examined configuration, the ratio between the two time scales is a
geometrically small parameter, given by

t 8hirie?
& = shear — Orl NC <<1 (513)

* 5
e 6rp

and 50 & < &xc.
Substituting * =1}, yields the governing equations

T /3D, .
Lp — LP(O) = (1 — gle)P|X=6[LF - / <HNCP> dT (514)
0 0X X=¢/L,
and
oL, (' dZ
F,—Ply—er — & [ L,—2 =0. 5.15
bx=eity 8’(”3T/0 1+Dr> 615

We proceed by asymptotic expansions, based on perturbations from the exact contact
state eyc =0 (where eyc is defined from D, |x—z, + 1= Hycenc < 1). We thus define
the external extraction force by

Fe:Fe,O(l_SNC)a (516)

where F,o=F, .onac: 15 the external extraction force creating exact contact DrlX:e,Ll, =
—1, and thus zero flux Q = 0. In addition, we define the expansion for the fluidic
pressure

P:P0+8Ncp1. (517)

We apply a matched asymptotic scheme, and begin by solving for the outer region
t~ e

5.1.2. Outer region
The leading-order solution is the exact contact case, where F, = F, .onacer» and after
the initial transition regime (§4.2.2), the contact point between the solids separates
the fluid into two domains, and thus Q = 0. The outer-region force balance (2.10) is
simplified to
Polx=er, = Feo, Pilx=er, = —Feo (5.18a,b)

and the pressure field is
Po(X, T) +encPi(X, T) =H(X — eL,)(Fe o + encFe1), (5.19)

where H is the Heaviside function. The solid deformation is governed by (5.2),
along with the boundary conditions, 9°D,/0X?|y—g = 98°D,/0X’|x—0 = D,|x=1 =
0D,/0X|x=1 = 0. Deformation patterns may be obtained numerically and analytically.
However, since the singularity for eyc — O dictates that flux is governed by the
conditions near X =¢,L,, only expressions for D,|x—,, and D,/0X|x—,, are required.
Due to linearity and symmetry considerations, the gap slope at X = gL, can be
simplified to

DrlX:e;Lp = %(P|X<£/L,, + P|X>S/Lp)7 (520)
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and oD (P P )
r — |X>51L,, |X<51Lp (521)
0X |yos, (64K)1/4

Relation (5.20) is readily obtained from symmetry, since the value of the displacement
in the symmetric transition between two constant forcing values must be the average
of the displacements far from the transition. The slope is less evident, and the reader
should consult Timoshenko & Woinowsky-Krieger (1959).

Thus, the requirement of D, o|x—¢r, = —1 yields
Foo=Py(Z=0)=-2 (5.22)
and Hyc is
and oD oD F,o(1
r T e —¢&
0 ¥ ene 1 _ o Ne) (5.24)
0X X=eil, 0X X=eil, (64K)1/4
Substituting (5.20)—-(5.22) into (5.14), L, to order 8,%,C is thus
2
L,=L,0)+F,— WT. (5.25)

5.1.3. Matched solution
The inner solution is identical to the insertion case, and thus is given in §4.2.2.
Matching the inner and outer solutions for near-contact extraction yields the
requirement B
lim L, =1lim L, (5.26)
T—00 T—0
and thus l_,p(O) + F,=L,0) 4+ F,, and l_,p(O) = L,(0). The composite expansion is
therefore given by I:,,(T) +L,(T) — (L,(0) + F,), and the uniform solution is

i P
Ly wnigorm = (Lp(0) + Fe) {1 " L,(0) + F, (64K)1/4

o T/ — (o4 LO) In(F) — L)
+W{ L,,(O)—|—FeeXp< : L) +F. >]}

(5.27)

which is the response of the configuration to a sudden external load.

The uniform solution is plotted in figure 6 for several configurations. In all cases,
the parameters of ¢, = 0.1, K =0.3 and F, = —1.9 (corresponding to eyc = 0.05)
are used. Figure 6(a) presents the motion of the cylinder for the initial conditions
L,(T =0) =5 (smooth line), along with the inner solution (dashed line) and outer
solution (dashed-dotted line). After the initial inner dynamics, the singular effect of the
near-contact dominates the motion and creates a steady extraction speed independent
of L,. Panel (b) presents various initial values of L,(T = 0), showing that the inner
region changes with L,(T =0), but not the extraction speed of the outer region. For
the case of L,(T=0)=2~ —F,, we see that the total extraction from the tube occurs
before reaching the outer region. In this case, the distance required to completely
extract the cylinder is too short, and does not create sufficient pressure reduction in
order to reach near-contact dynamics.
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FIGURE 6. (Colour online) The location of the cylinder within the tube L, versus time T
for the near-contact limit. All configurations are defined by ¢,=0.1, K=0.3 and F,=—-1.9
(corresponding to eyc =0.05). In panel (a) L,(T =0) =5 and the different elements of the
composite expansion are presented. Panel (b) presents various initial values of L,(T =0).

5.2. Contact f, < =2mEwhor, /17

Equation (5.20) indicates that for F, < —2 (orin dimensionless form f, < —27tEwh0r£ / rl.z),
there will be contact between the inner cylinder and the outer elastic tube. In such a
case, additional forces will be applied at Z =0, as illustrated in figure 5(b), which
will modify the system dynamics. The contact prevents fluid from exiting the tube,
and applies normal and tangential forces on the elastic tube. Thus, the outer-region
governing equations are simply

1
L, —L,(0) = / D, dx (5.28)
1

—eily

and
Fe = Plx=eu, + F: =0, (5.29)

where F,=f,/f; is the additional force due to drag in the 7 direction, and using the
scaling used in §5.1 (d; =ho, ;= 2r,»hol/r,2,, p*=Ewhy/r? and f = Tcr;p*).

In dimensional terms, the friction force f, = g, cos « — g, sin @, where tan o =
—(0d,/9x),=),- Since & < 1, we can approximate o ~ —(dd,/dx)|,=;, and obtain

r

d )
) (5.30)
x:l,,

= 2mr,
e Triqo <Mf+ ox

where u, is the Coulomb friction coefficient, such that g, = usqo. Calculation of
the normal force acting on the elastic tube, gy, is obtained from the requirement of

dy|y=i, = —ho, where the deformation d,|,-;, is given by
2 (301 —)\" r?
dilimr = —qo— | ——— — —— 5.31
lx=, QOEW< T6n2r2 ) +pl; b 3w (5.31)
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representing the linear summation of the deformation due to a localized normal force
qo (first right-hand side term, Timoshenko & Woinowsky-Krieger (1959)) and the
deformation due to liquid pressure (second right-hand side term, see (5.20)).

We now calculate the normal force go by requiring d,|,—;, = —ho in (5.31). The
obtained g is substituted into (5.30), along with 9d,0x|,—;, calculated from (5.21) (the
localized force creates a symmetrical deformation, and does not affect the slope). This
procedure yields the dimensional friction force f, as

2nEw r2 64w2r2 1/4 r
A — h - —_ ] —— 5.32
1z . ( o +pl l”2E ) ( (12(1 )> +pl b B ( )

or in normalized form, F,, as

P|X=€1Lp ~ ~
F.=-2(1+ — (ITy + I1,Plx—,1,) (5.33)
where a
A 16w?r¢ A i
m=" (2 ) = (5.34a,b)
r 3(1—=v?) r,

The obtained dimensionless ratios [T, and I1, are geometrically small parameters,
and thus friction does not have a leading-order effect on the system dynamics For

consistency, since terms of similar orders were prev10us1y neglected, 172 is neglected

hereafter. However, for some configurations 1, > I, Keeping O(IT)) terms yields
expressions for the fluid pressure ahead of the cylinder

F,— 211,
Plxogr, = ———=— (5.35)
1+ 17,
and the outer-region penetration length
F, — 20T,
L,=L,0)+ ———. (5.36)
1+ 1T,

Thus, friction effects are of the order of the small parameter 1, and only
slightly reduce the liquid pressure and the penetration length L,. Following a similar
asymptotic matching procedure to that presented in §5.1, the uniform solution for
contact is given by

Lp,uniform = (Lp (0) + ﬁe)
x < 1+W _%exp 1 T— (F.+L,(0)) lan”) — L,(0) ’
L,0) + 7, 1,0)+F.

(5.37)
where F, = (F, — 2IT,)/(1 + I1;) and T=t/r:,,. (where t%, _is defined in (5.12)).
The uniform solution (5.37) reaches a steady state of L, — L,(0) + F,. If L,(0) +

F, <0, the steady-state solution is not physical, indicating that the inner cylinder
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completely exits the tube. Thus, steady-state contact will lock the inner cylinder within
the elastic tube only for the range of forces

201, — L,(0)(1 4 IT)) < F, < —2. (5.38)

Outside of this range, the inner cylinder will exit the tube either due to fluid entering
the tube F, > —2 or sliding while in contact F, < 2IT, — L,(0)(1 + IT,). (In the

dimensional force, and omitting the small O(IT)) terms, this range is given by
—nr;Ewlp(O)/erl <f. < _—2n.Ewh0r§/ri2..) . _ . _

The results presented in this subsection will be discussed further in the following
section, summarizing the nonlinear extraction section § 5.

5.3. Summary of extraction dynamics

Figure 7 summarizes the different dynamics obtained for the case of nonlinear
extraction. For near contact (smooth line, F, > —2) the viscous resistance in the
region near Z=0 is singular and determines the liquid mass flux, and thus the motion
of the inner cylinder. After a shear-dominant early dynamics (which occurs for all
cases), the cylinder moves at constant speed due to the steady conditions near Z = 0.

Increasing the extraction force to 201 1 —L,(0)(1 + I 1) < F, <=2 creates steady-state
contact (dashed line) in which the extraction force is balanced by the force due to

liquid pressure at a constant penetration length L+ p =L,(0) + (F, — 201 D/ + 1 0.
Friction creates only weak O(I1)) effects. Extracting the tube with a greater force

F,<2I, — L,0)(1+ 1 1) completely removes the inner cylinder from the tube before
a steady state can be reached (dashed-dotted line), and thus lockage of the inner
cylinder is limited to a specific range of extraction forces.

6. Discussion and concluding remarks

This work studied the low Reynolds number fluid mechanics of a basic configuration,
consisting of a slender cylinder inserted into a fluid-filled elastic tube, which
is relevant to various minimally invasive medical procedures. Governing integro-
differential equations were derived by applying the lubrication approximation and a
thin shell elastic model. Solutions for various limits were obtained by scaling analysis
and regular and singular asymptotic schemes. Table 1 summarizes the different regions
with regard to the value of f,, the external force acting to extract or insert the cylinder
from or into the tube. In addition, table 1 presents comments and descriptions on the
dominant mechanisms in regions with no approximate solutions.

The results presented in this work lay the foundation to model a wide range of
minimally invasive medical procedures in which catheterization is the primary access
method into the blood vessel or tissue. These include endoscopic interventions, such
as cardiovascular and cerebrovascular interventions (among others such as arthroscopic
or laparoscopic interventions), in which diagnostic and therapeutic catheters are used
to access an area of interest in the heart or brain. In general, when performing
such medical procedures the selected guidewire characteristics (e.g. core diameter,
tip design and tapers) and their relation to the arterial geometry being accessed
are largely based on previous trial and error and clinical success/failure statistics.
As a result, many clinical procedures have a set of practical limitations, such as
the requirement for absolute free movement of guidewire tips and avoiding of tip
contact, or the maximal allowed external force. The analyses presented in the current
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Examined in §4. Nonlinear dynamics involving three
distinct regimes (with additional simplifying assumptions
detailed in (4.8)). An early-time regime (§4.2.2)
governed by balance between shear stress, fluidic
pressure and the external force. Intermediate regime
(§4.2.1) governed by the external force, fluid pressure
and viscous peeling of the inner cylinder from the
external tube. Late-time regime (§4.2.4) in which
pressure-driven viscous flow exiting the tube determines
the motion of the inner cylinder.

Not examined in this work. Nonlinear insertion
dynamics creates positive deformations which reduce
viscous resistance, but do not involve a distinct
propagation of a peeling front.

Examined in § 3. Linearized dynamics representing a
rigid configuration at leading order (see (3.4)), with
small corrections due to elastic effects (see (3.9a, b)).
The small deformations create elastic potential energy,
which may lead to motion in a direction opposite to the
external transient force.

Not examined in this work. Nonlinear extraction
dynamics creates negative deformations, thus increasing
the viscous resistance. The front of the cylinder does
not have a singular dominant effect on viscous
resistance.

Examined in §5.1. Elastic deformation creates near
contact between the tube and the elastic cylinder at
x=1,. The viscous resistance in the region near x =/,
is singular and dominates the mass flow outside of the
cylinder. After an early-time region similar to §4.2.2,
the cylinder decelerates and exits the tube at a constant
speed determined by the conditions near x =1,

(see (5.37)). In this case the dynamics of the
configuration is highly sensitive to the geometry at the
tip of the penetrating cylinder.

Examined in §5.2. In this case the extraction and
negative deformation create contact between the inner
cylinder and the elastic tube. After an early-time region
similar to §4.2.2, the cylinder decelerates and reaches a
steady state of balance between the external force, the
fluid pressure and friction. In this range of force the
inner cylinder remains at a constant position within the
tube.

Examined in §5.2. Similar to the previous case,
however, for this range of extracting forces the cylinder
is completely extracted from the tube before a
steady-state balance is reached.

TABLE 1. Summary of results for different values of f,, the external insertion or

extraction force.
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FIGURE 7. (Colour online) Extraction dynamics for near-contact (smooth line, F, > —2),
locked contact (dashed line, 2ﬁ1 - L,0)(1 + ﬁ]) < F, < —2) and extracted contact
(dashed-dotted line, F, < 201 1 —L,0)(1 + 1 1)) configurations. For F, < —2, the negative
gauge pressure reduces, but does not eliminate, the gap between the cylinder and the
tube. Pressure-driven flow through this gap allows for the gradual extraction of the inner
cylinder. For 211 1 —L,(0)(1 + 1 1) < F, < —2, after an initial transient motion, the cylinder
is locked within the tube and negative gauge pressure creates contact between cylinder and
the tube. Thus, there is no flow, and the inner cylinder is locked at a constant location
in which there is a balance between the external force, friction and the negative gauge
pressure. Finally, for F, < 201 1 —L,(0)(1 +11 1), the inner cylinder is extracted in the initial
transient motion. For all presented cases K =0.3, L,(0) =3, & =0.01 and ﬁl =0.1.

work provide insight into the mechanics behind the catheter—artery coupling beyond
statistical trial, and may help guide the design of future minimally invasive procedures.
For example, the presented solutions of [,(f) can be viewed as a basic model for
catheter navigation. In addition, the results allow for understanding of the dynamics
of the distal end pressure during catheterization, which can be directly linked to
coronary pressure measurements and the effects of lesion geometry on catheter tip
pressure drop. The results we present can be used to estimate how fast one can
extract a catheter without applying excessive stress on the skin, or how distal end
pressure is affected by catheter insertion speed and, ultimately, that catheter extraction
sometimes requires less force than the static steady-state force being applied.

In order to relate our results to a specific medical procedure, the non-dimensional
parameters must be fitted to the relevant medical data. These include direct parameters,
such as characteristic inserted catheter length, l;, or tissue compliance, p*/d}, as well
as more complex parameters, such as the peeling or shear time scales, ¢*, which may
control the dynamics of the solution, /,(¢), p(z=0) and are a function of the applied
force, compliance, catheter/artery geometry and blood viscosity. Having stated the
above, we emphasize that surgical settings include a multitude of effects, in addition
to those examined in the current work, such as three-dimensional effects, torsional
actuation, elastic effects (e.g. artery shear modulus) and more complex catheter
geometry and elasticity. The specific set of features related to a particular minimally
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invasive procedure must be the subject of future work focused on a more specific
configuration.

Appendix A. Derivation of the governing equations of motion

In this section we present the derivation of the governing equations of motion
(2.8)—(2.10). We start with integral mass conservation of the system which takes the
dimensional form

1
w2 (l, — 1,(0)) —/ 2nrid, dx + v, =0, (A1)
0

corresponding to (2.9). The first term in (A 1) is the volume of liquid displaced by the
advancing cylinder, the second term is the volume change due to solid deformation
and the last term is the total volume of the liquid which exited the system through
the annular inlet. The combined Couette—Poiseuille flow profile in the annular gap due
to the piston’s motion and the fluidic pressure inside the shell is given in Cartesian
form by

(A2)

r,+d.—r\ 0l
u:——x(r —(ry +r)r+rr,) + <) P

ho+d, ) ot
(see also (3.32) of Elbaz & Gat (2016)). Thus, the volumetric flow rate is given by

op (ho +d,)’ Ttrp

0z 61 &3)

ritdy rit+dy
51:/ u-2nrdr~/ udr- 2J'trp_rtrp(h0+d)—+

P P

and the volume of the liquid v, is

/r'd? /r Oy o+ dyydi+ /T P o+ d,) dF (A4)
vV, = =Tr, — i, — — i, .
4 0 4 P 0 ot 0 6,bL 0 aZ 0

Noting that r;/r, =1+ O(4,¢3), we neglect orders of O(hy/r;), and the leading order
of the general non-dimensional form of (A 1) becomes

2l [ (! bdi [ (7L,
Ly = Ly(0) = = {/ D,dx] - ”2"1* U o7 i+ D) dT]
0 0

p P
r,d=p*t* { / 9P (1, +D,)’
61",,2,111;2 o 0Z L,

d ]—0 (AS5)

The gauge pressure at the inlet is zero. Then, using relation (2.7) we can substitute
D, (X=0)=0 into (A5), and obtain (2.9),

2 [ [ Wt oP
—L,(0)— L~ [/ DrdX}+ o [/ ~(2—1)de —0.  (A6)
I E82 0 61’1,Ml; 0 L,

Next we turn to write a force balance on the piston,

lp
fe(t) = nrip(z=0) + 277, / t/ dz=0, (A7)
0
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where the first term is the external force, the second term is the pressure at the base
of the piston (z=0) and the third term is the shear stress on the piston wall (r =r,).
Based on the velocity profile (A2) the shear stress t/, ~ w(du/dr) is given by

1dp w dl
L =——(hy+d,) — L.
= gz Mot ) =

(A8)

Substituting (A 8) back into (A7), normalizing and neglecting orders of O(d;/r,)
yields (2.10),

nrp* 27r, ul? oL, [ a4z
oP o B e / —0. (A9)
0

F,——lpPZ=0)——L [, 2| ——
fr ( ) dfree | 7AT Jy A+ D,

We now adopt the dimensional evolution equation of axial creeping flow in the annular
gap as given in (Alb) of Elbaz & Gat (2016),

ad, 1 9 [dp 101, 3d
e — (Eh+d) )+ L= =0. A10
at 124 9x (ax(°+ )) 2 9t ox A 10)

Normalizing (A 10) in accordance with (2.1)—(2.2) and noting that ddr/dx = dh/0x,
directly yields the governing evolution equation (2.8),

oD, t'Ewhl 9 |oP D\’ A, 8 [0L D,
S C S () | 4 2SS (2 20, (Al
AT  P12ul2 39X | 9X A, 2 X | oT A,

where orders of O(4,¢;) are neglected.
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