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Redox flow batteries are an emerging technology for stationary, grid-scale energy storage. Membraneless
batteries in particular are explored as a means to reduce battery cost and complexity. Here, a mathemati-
cal model is presented for a membraneless electrochemical cell employing a single laminar flow between
electrodes, consisting of a continuous, reactant-poor aqueous phase and a dispersed, reactant-rich non-
aqueous phase, and in the absence of gravitational effects. Analytical approximations and numerical so-
lutions for the concentration profile and current-voltage relation are derived via boundary layer analysis.
Regimes of slow and fast reactant transport between phases are investigated, and the theory is applied
to a membraneless zinc-bromine single-flow battery with multiphase flow. The regime of fast interphase
reactant (bromine) transport is characterized by the negligible effect of advection within the cathode
boundary layer, leading to a thin boundary layer whose size is largely independent of position, and by
relatively high battery current capability. Increasing the nonaqueous (polybromide) phase volume fraction
is shown to significantly improve battery performance, as has been observed in recent experiments. For
the case of spherical polybromide droplets, the contribution of bromine release from the polybromide
phase on the limiting current density becomes negligible for diameters above a critical droplet diame-
ter, when the system can be characterized as having a slow interphase bromine transport. Overall, we
show that our analytical approximations agree well with numerical solutions and thus establish a useful
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1. Introduction

A future with green electricity generation has come closer to re-
ality, with the European Green Deal pledging net-zero greenhouse
gas emissions by 2050. The transition from fossil fuels to intermit-
tent renewable energy sources, such as solar and wind, requires
scalable and cost-effective energy storage solutions for applications
such as load leveling and peak shaving [1]. For energy storage at
the grid scale, redox flow batteries (RFBs) are promising for sys-
tems ranging between 10 kW and 10 MW power delivery [2]. In
RFBs, chemical energy is stored in an anolyte solution containing
a reductant and catholyte solution with an oxidant. The anolyte
and catholyte are stored in separate tanks external to the battery
cell, and are pumped into the battery during battery charging or
discharging. Within the cell, the anolyte and catholyte are typi-
cally separated by an ion exchange membrane to prevent direct
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mixing of the oxidant and reductant. During discharge of the bat-
tery, the oxidant and reductant participate in electrochemical half-
reactions at the battery cathode and anode, respectively, convert-
ing the stored chemical energy to electricity. Storing chemical en-
ergy in tanks allows for a spatial decoupling of the energy stored
and power delivered, where energy capacity scales with tank size
and power with the stack’s electrochemically active area. This ar-
chitecture can enable facile and cost-effective scaling to grid-scale,
can reduce safety considerations, and also enables simpler thermal
management [3].

Unlike batteries for portable devices, where gravimetric energy
density is a crucial metric, for stationary applications other met-
rics such as reactant cost and cell power density also play a cen-
tral role. Thus, while batteries for portable devices generally em-
ploy Li-ion chemistry, there is a broader variety of chemistries un-
der active investigation for RFBs, such as all-vanadium [3,4], iron-
chromium [3,4], zinc-bromine [4,5], zinc-polyiodide [6], metal-
organic [7], such as organic polymer 2,2,6,6-tetramethylpiperidinyl-
N-oxyl (TEMPO) or quinone-based [8] and hydrogen-bromine [9].
Another category of RFBs is the hybrid flow battery, where the an-


https://doi.org/10.1016/j.electacta.2021.138554
http://www.ScienceDirect.com
http://www.elsevier.com/locate/electacta
http://crossmark.crossref.org/dialog/?doi=10.1016/j.electacta.2021.138554&domain=pdf
mailto:mesuss@technion.ac.il
https://doi.org/10.1016/j.electacta.2021.138554

R. Ronen, A.D. Gat, M.Z. Bazant et al.

Symbol parameter

E9 Standard anode reduction potential

E? Standard cathode reduction potential

& Polybromide-phase volume fraction

Eg:’z’y'o Br, concentration in the polybromide phase

H Bromine partition coefficient

D* Dispersed-to-continuous phase bromine diffusivity
ratio

u Velocity

Uavg Area-averaged velocity

De Effective diffusion coefficient in the aqueous phase

Dgy, Bromine molecular diffusion coefficient

Ke Effective interphase mass transport coefficient

K Mass-transfer coefficient

a Particle interfacial area-to-volume ratio

dp Particle diameter

Egﬂz Aqueous phase-averaged concentration

Eg‘r’;q, cgrz Aqueous phase equilibrium concentration

L Channel length

H Channel height

cl"g"r2 Bromine concentration along the wall

0 Scaled bromine concentration

B Channel aspect ratio

Sh Reduced Sherwood number

St Stanton number

Pe Reduced Peclet number

Xent Entrance length

Nw Species flux at the wall

] Local current density

$ Dimensionless boundary layer thickness

F Faraday constant

R Gas constant

T Temprature

1) Electric potential

o Ionic conductivity

Peell Dimensionless cell potential

(ﬁ?e” Dimensionless standard cell potential

Jiim Dimensionless limiting current

ode’s active material is a metal, and thus chemical energy is par-
tially stored in the battery itself. Such systems can achieve among
the highest energy densities for RFBs [7], while relying on inexpen-
sive metals. . While RFBs are stationary systems, improving energy
density enables cost reductions in balance-of-plant components, as
it enables smaller tanks and reduced pumping losses [3]. Technical
feasibility of RFBs for grid-scale storage application have been ex-
plored for decades, including the “Moonlight project” of 1978 that
invested in the zinc-bromine battery [3]. However, commercializa-
tion is still an ongoing challenge as the cost of storage must be fur-
ther reduced. The capital cost target for grid-scale energy storage
is $100/kWh, a goal set by the Advanced Research Project Agency-
Energy in the USA (ARPA-E) [3,10].

To reduce the cost of RFB stacks, one emerging effort is the
development of membraneless cells [7,9,11-15], as the membrane
is typically the most expensive component of the stack [10,16].
Membraneless cell designs leverage either laminar flow separation
[14,17], use of metal electrodes [7,18], complexing [7,19] or a co-
flow of immiscible aqueous and organic solutions [12,20] to sepa-
rate the oxidant and reductant. The use of complexing agents is
typically associated with bromine-based catholytes, and primar-
ily with zinc-bromine RFBs [7,19,21]. Bromine complexing agents
(BCAs) are often quaternary ammonium salts which sequester the
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majority of the bromine in a less-active form within a polybromide
phase, thus reducing the crossover of bromine to the zinc elec-
trode [22]. In typical systems, during operation the denser poly-
bromide phase is held within the catholyte tank, and sediments
to the bottom of a storage tank while the aqueous phase alone is
circulated through the cell [18,19]. Such zinc-bromine batteries use
non-selective separators between anolyte and catholyte [18,23]. Re-
cently, Amit et al. showed a proof-of-concept, membraneless and
separator-less single-flow system with multiphase flow, where the
flow was an emulsion of a dilute, bromine-rich polybromide phase
and continuous, bromine-poor aqueous phase [24]. The use of a
well-mixed emulsion by Amit et al. is distinct from previous mul-
tiphase flow batteries which employed instead two co-flowing im-
miscible phases [12,20]. The system of Amit et al. showed high
current capability of nearly 300 mA/cm? for polybromide volume
fractions of ~5%, but requires additional optimizations to improve
Coulombic efficiency during cycling, and deeper understanding on
the mechanisms affecting battery performance.

Theoretical models are important tools towards the opti-
mization of membraneless, single-flow cells relying on BCAs.
Previously-developed models focused largely on zinc-bromine bat-
teries with two electrolyte streams separated by a separator and
at least one stream containing a complexing agent [5,25-27]. Early
work of Evans and White, and Mader and White modeled a zinc-
bromine cell with the aqueous phase alone flowing through the
cell, and suggested future work could include a bromine-rich phase
in the flow [5,27]. An extension of this model was carried out by
Kalu and White, who treated the catholyte tank during cell charg-
ing as a continuous stirred tank reactor (CSTR) with a mixture of
two phases [28]. An empirical correlation was used to describe the
distribution ratio of bromine between the two phases in the tank,
and the aqueous phase alone flowed through the cell. Koo et al.
applied a simpler approach to model a zinc-bromine RFB stack
containing a complexing agent in both the anolyte and catholyte,
using Ohm’s law and charge conservation equations. The cell cur-
rent density was described by a polynomial functions with several
fitting parameters, and the electrochemical cell was modeled us-
ing an equivalent circuit [26]. Recent work by Xu et al. modelled
a zinc-bromine RFB with two flows through serpentine channels
within current collectors, with dilute ZnBr, electrolytes including
BCA in the aqueous phase of the catholyte [25]. Thus, no model
to our knowledge has been developed to describe a membraneless,
singe-flow battery with multiphase flow.

In membraneless RFBs, mass transport boundary layers form
along electrode surfaces and often play a crucial role in cell per-
formance. Boundary layer analysis techniques have been applied
to derive simple, approximate solutions of species concentration
fields in both flow batteries and other chemical systems, such as
those performing chemical separations, chemical reactions, biolog-
ical reactions, mass transfer from droplets, and interphase transfer
in packed-bed reactors [29,30]. For membraneless electrochemical
cells with single-phase flow, Braff et al. [11,15] performed a bound-
ary layer analysis leading to analytical expressions capturing cell
limiting current and the current-voltage relationship. Nakayama
et al. analytically captured the limiting current of electrodialysis
cells, and found boundary layer similarity solutions for two asymp-
totic cases of long and short channels [31]. For single-flow bat-
teries with multiphase flow, the boundary layer at the bromine
electrode is expected to be affected by the presence of the poly-
bromide phase in the electrolyte. However, to our knowledge, no
battery model has been developed to predict the boundary layer
structure along an electrode subjected to multiphase laminar flow,
and the connection between this boundary layer and battery per-
formance has not been quantified.

We here extend the theory of membraneless electrochemical
systems to include the case of a multiphase flowing electrolyte in
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Fig. 1. Schematic of a discharging redox flow battery with a single, multiphase flow between anode and cathode. The flow consists of a continuous, bromine-poor aqueous
phase and dispersed, bromine-rich polybromide phase. Inset depicts the assumed bromine concentration profile between a polybromide droplet in the cathode boundary

layer and the adjacent aqueous phase.

the absence of gravitational effects. Fig. 1 shows our model system
for the case of zinc-bromine chemistry. We investigate the limit
where reactant transport between phases is transport-limited, and
show this problem is governed by the channel geometrical aspect
ratio and two non-dimensional parameters, Peclet number (Pe) and
Stanton number (St). We further obtain analytical solutions in the
limit of small and large St, elucidate key boundary layer features
affecting battery performance, and show good agreement between
simple analytical expressions and numerically-generated model re-
sults. A specific case of the nonaqueous phase configured as dis-
persed, spherical-shaped droplets is presented, and we predict a
strong effect of droplet size, with up to several orders of mag-
nitude increase in the limiting current density when decreasing
droplet size from tens to order one micrometer.

2. Theory

We consider an isothermal membraneless flow battery consist-
ing of two flat electrodes with a single flowing electrolyte be-
tween them, operating in a single-pass mode. To illustrate the
model, we will utilize zinc-bromine chemistry, where the anode
is a zinc metal plate. Thus, the half-reactions considered, for dis-
charge mode, are

Anode : Zng) = Zn** qq) +2e” EQ = —0.762 V vs. SHE, (1)

Cathode : Bry(yq) +2e” = 2Br ., E? =1.087 V vs. SHE. (2)

Where,EJ and E? are the standard reduction potentials for the
oxidation and reduction half-reactions, respectively, and SHE refers
to the standard hydrogen electrode. The electrolyte contains Br,,
a complexing agent, QBr, and ZnBr, salt, all dissolved in water
[5] (see Fig. 1). Q represents the quaternary ammonium cation of
the complexing agent. QBr can sequester bromine in the aqueous
phase, forming the compound QBr,,,¢, which can then separate
into a denser polybromide phase,

QBr(aq) +nQBr, (ag) = QBry;4 (poly)» (3)

where the number of moles of complexed bromine per Q cation is
1 < n < 3, where n is an integer [24].

We consider that the single electrolyte flow is a two-phase
emulsion characterized by a constant volume fraction, &, of liquid
polybromide phase and 1 - ¢ of the aqueous phase. We assume the
polybromide phase is dilute, discontinuous, and neglect the effect
of gravity acting on this phase. During battery operation, bromine
is exchanged between the aqueous and polybromide phases. For
example, near the cathode during discharge, QBr3 can de-complex
to deliver Br, to the locally depleted aqueous phase, in an effort
to restore chemical equilibrium [32]. The local rate of transport of
Br, between phases may depend on the kinetics of the complex-
ation reaction, as well as the impedance to mass transport of Bry
through the local interfacial region between phases. We here con-
sider the limit of fast complexation in order to simplify the model,
and as is often-assumed [9,28,33], although other works estimate
the polybromide phase dissociation rate [25].

Generally, the Br, concentration in the polybromide phase is
about two orders of magnitude higher than in the aqueous phase,
and the polybromide phase bromine is relatively electrochemi-
cally inactive [19]. Thus, we assume here, for simplicity, that Br,
concentration in the polybromide phase, E,‘;’r"zly'o, remains constant

throughout the model domain. In other words, we neglect diffu-
sion of bromine within the polybromide phase, and assume that
any change in bromine concentration in this phase during single-
pass operation is small relative to E{,’:’z’y’o. We further assume that

the dominant impedance to interphase bromine transport resides
outside the polybromide droplet. We expect this assumption to be
valid as for the system described here, Hv/D* > 1 [34], where H is
the bromine partition coefficient and D* is the ratio of dispersed
to continuous phase bromine diffusivities. D* is typically order 0.1
as the viscosity in the polybromide phase is about 6 times larger
than the aqueous phase [35,36], while H is often very large, typ-
ically order 100 for commonly used complexing agents and tem-
peratures [24]. In the aqueous phase, most Br, is converted to
Br3~ due to a strong complexation reaction between Br, and Br—
(equilibrium constant of 16.7), as well as higher order polybro-
mides, such as Brs~ to Bry;~ [18,37]. For simplicity, we will ne-
glect such complexation reactions in our model, and consider that
all bromine in the aqueous phase is contained in either Br, or
Br—.
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2.1. Analytical approach

For transport problems involving biphasic flow, a common ap-
proach to simplifying the microscopic transport equations is to
re-cast them in terms of volume-averaged variables [26,38-41].
Whitaker, followed by Gray rigorously derived and applied these
multi-phase transport equations for problems involving interphase
mass transport [38,39]. We apply such a framework to study the
single-flow battery with multiphase flow during battery discharge
at the limiting current. We assume fully- developed flow, steady
state, and a two-dimensional concentration field. The resulting
species balance equation is

~aq 2=aq 27aq
uacgrz =De(a Sbry 9 C3f2> — Ke(cg —&ghen). (4)

X X2 3y? CBr, ~ CBr,

For the limit of a dilute polybromide phase, we can assume
fully-developed Poiseuille flow within the channel, so that u(y) ~
6Uayg (y/H — (y/H)Z), where U,y is the area-averaged velocity in
the channel. The effective diffusion coefficient in the aqueous
phase is given by D= (1 —¢&)Dp;,, where Dg, is the bromine
molecular diffusion coefficient [42]. To account for the averaged
mass transport of bromine between phases, the effective inter-
phase mass transport coefficient is given by K. = (1 — ¢)aK, where
K is a mass-transfer coefficient which depends on the shape and
characteristic size of the local polybromide-phase particles [43],
and a is the interfacial area per m3. For spherical particles, a =
6¢/dp, where d) is the particle diameter. We assume that K is con-
stant, meaning we assume a uniform shape and size of polybro-

mide phase particles throughout the model domain. Here, 6;‘32 is

the aqueous phase-averaged concentration, and Eg‘j;q is the con-
centration of the aqueous phase when the polybromide and aque-
ous phases are in mutual equilibrium [38]. We take Eg‘j;q as the

bromine concentration of the incoming flow, so that Eg’;',’fq = cgrz.
In assuming constant &, we neglect the effect of gravity acting on
the denser polybromide phase, which is justifiable in the limit of
small density differences between phases, small polybromide par-
ticle sizes, or large flow velocities [50]. Future work can extend
the model presented here to account for additional phenomena af-
fecting the bromine boundary layer in certain operational regimes,
such as polybromide sedimentation, changing polybromide-phase
droplet size due to bromine depletion, or coalescence of droplets
in flow.
At the limiting current, the boundary conditions are

acy
~aq _ 0 =aq _ =aq _ 0 Br. _
cBrz(O,y) = Cg,. Cg, (x,0) =0, Chr, x,H) = Chr,» 8x2 =0.
x=L

Where the boundary condition at x = L is appropriate at the
limit of high Pe. To develop a non-dimensional version of the
species balance equation, we define scaled concentration as 6 =

=aq 0 0y _ =aq ;-0 ;
(cBr2 — Cpy, )/ (Cy, —Cpp ) =1— CBry/CBry» where the bromine con-
centration at the wall is ¢, =0 at the limiting current. Coordi-

Bry
nates are scaled to X = x/L and j = y/H, and we define a velocity
scale as U = 6Uqyg Scaling of Eq. (4) with these parameters yields

1, 00 B (10 3%
St(yy)ai_Sh<,328>?2+8y"2 -0, (®)

where 8 = L/H is the channel aspect ratio, Sh = K.LH/D, is the re-
duced Sherwood number, and St = K./(U/L) is the Stanton num-
ber which is the ratio between Sh and the reduced Peclet number,
Pe = UH/De.
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X

Fig. 2. Schematic showing the investigated geometric regions along the cathode
side of the flow, for the regime of St >>1. The equations governing the concen-
tration field and the analytical solution are shown for the fully-developed region,
and in the entrance region the analytical solution is given by Eqs. (21) and (22).

2.1.1. Regime of fast interphase mass transfer (St >>1, St >> f/Pe)

We define €1 = 1/St, <, = B/PeSt, where for St >>1, €1 « 1,
and for St >> B/Pe, e; « 1. In this case, the small parameter ¢;
multiplies the highest derivative in x, suggesting a boundary layer
near x = 0. In addition, the small parameter, €,, is a prefactor
of the highest-order term suggesting another boundary layer near
y = 0. We focus our boundary layer analysis on two regions of
the channel: an entrance region containing the developing bromine
boundary layer, and a fully-developed region containing the devel-
oped bromine boundary layer (see Fig. 2). For completeness, we
also analyze two regions outside the bromine boundary layer, the
region outside the bromine boundary layer but near to the inlet at
x = 0, and the region outside the boundary layer and far from the
inlet.

For the latter region, using the same scaling as in Eq. (6), and
neglecting the x-direction diffusion in the long channel [44], we
obtain

2
@17~ 7) 5 = a3 O, (7)

In this region, both advection and diffusion are negligible com-
pared to interphase mass transfer, and a trivial solution is obtained,
6 = 0. For inlet region, but outside the bromine boundary layer, we
rescale x asX = &/<; to obtain

36 1 820 9%
~_ ~2 Yo - _
G-y )ax = 62((61,3)2 oz ay2) 6. (8)

As €; and imposing St « BPe , we can neglect the diffusion
terms. Solving the resulting equation using the boundary condition
6(0,y) = 0, we obtain the trivial solution, 6 = 0. Although we note
that if the inlet bromine concentration did not match the equi-
librium aqueous-phase bromine concentration, then Eq. (8) would
yield a non-trivial solution.

For the fully-developed region, scaling Eq. (6) with Y =J/e,
yields

2
E]Gz(Y—Gzyz)% = % -0, (9)
which can be solved exactly by Finite Fourier Transform in the full
domain as an infinite series in terms of Graetz functions, which
capture the effect of non-uniform advection in mass transfer [45].

As we here restrict ourselves to the limit where €; is small,
we can neglect advection, so the simplified equation and boundary
conditions are

2

20 _,
ay2

Similar boundary layer behavior, where flow velocity does not
affect the boundary layer concentration field, has been previously
observed by Chambre and Young [46] and Bird et al. [30] for
single-phase flow over a reacting flat plate. The solution to Eq. (10)
is

6 0)=1, (% 00)=0. (10)

6 =e W& 4 o(st). (1)
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— Analytical, St << 1
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- = Numerical |
St=10
St=100
0.2 0.4 0.6 0.8 1

x/L

Fig. 3. (a), (b), (c) Predicted concentration fields of the numerical model for Stanton numbers (St) of 0.1, 1 and 10, respectively. (d) Boundary layer thickness predicted by
the numerical model (dashed lines) and the analytical model for various Stanton numbers (red and blue curves) (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.).

The dimensional concentration is
7 0 & -1
&l = (1 —e VI o(st )). (12)

The first term in the solution given in Eq. (12) is the leading
order solution, while the next term is the correction to the lead-
ing order, which is on the order of St—1. However, we will not de-
rive this correction term here, as our comparison of the leading
order solution to numerical simulation results demonstrated negli-
gible error throughout the boundary layer, except within the small
entrance region where advection cannot be neglected (see Fig. 3).
The order-of-magnitude of the entrance length, xen:, can be esti-
mated by rescaling X = X/8x, where §x = Xene/L. By substituting this
scaling into Eq. (6), we obtain

1 00 8B 020

Sts.) 9% ~ Sh 032

When neglecting axial diffusion, Eq. (13) yields that the en-
trance length, 8y, scales as St~!, and its dimensionless thickness in
the flow direction is given as

Xent/L ~ St™' = (U/L)/K,. (14)

-6. (13)

From Eq. (12), we can obtain a dimensionless bromine bound-
ary layer thickness, defined as the y position where the aqueous-
phase bromine concentration reaches 99% of the inlet value, as

5 =4.6,/B/Sh. (15)

The boundary layer in this regime is typically thin, as for the
representative parameters listed in Table 2, 6 = 0.015. At the cath-
ode, the flux of bromine to the plate is entirely diffusive, and is
maximized at the limiting current. This flux is given by

_ Decy,, 90

w = - . 16
il (16)

We now apply Faraday’s law to relate bromine flux to local cur-
rent density, J, at the cathode, and define dimensionless current
density as j=]/J;, where J;= nDchgrz/H, and n = 2 is the num-
ber of electrons transferred for the reacting bromine. The limiting
current density in the fully-developed region can be written as

H G\ _ fshiB. (17)

nDF cg‘r’;‘)] CAZ PN

Turning our attention to the entrance region, here the axial dif-
fusion term cannot be omitted at the leading edge of the plate
[44]. However, in this region the cathode boundary layer is very
thin relative to the channel height, thus we can linearize the ve-
locity field to u(y) ~ 6Uagy/h using the Lévéque approximation
[45]. Introducing the dimensionless variables, X = (u/D¢)'/2x, Y =
(u/De)2y and y = K,/u to scale Eq. (4), we obtain [44]

Jim =

2 2
V%: (?})292+g?92)y0’ (18)
and the boundary conditions are
0(0.¥) =0, 6(X,00)=0, 6(X.0)=1. (19)
We can utilize another restriction at the inlet,
% . =0, (20)

In order to simplify the Laplace transformation used to solve Eq.
(18) [44]. In Eq. (18), all terms are of the same order of magnitude,
and this problem is mathematically analogous to that examined in
Apelblat for a system with a homogeneous chemical reaction and
Couette flow [44]. In the latter work, two cases were solved for
analytically, those with and without axial diffusion. For the case
without axial diffusion, utilizing the solution from Apelblat for dif-
fusive flux (Eq. (47)a of Ref. [44]), and Faraday’s law, we derive the
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dimensionless limiting current density for our battery in the en-
trance region,

(o pe T exp(-uBRepR)du \/E
Jim =\ 1+ =5 /uz/s[Alz(_,B/uz/3)+B12(—,3/“2/3)] B

0
(21)

We further derive the limiting current density when including
axial diffusion, using the available analytical solution for diffusive
flux (Eq. (46) of Ref. [44]), which yields

-, g2 § exp (—u+v/6PefX)du \/571
i /u2/3[A12(u1/3(u—/3/u))+Blz(u1/3(u—,3/u))] B

(22)

2.1.2. Regime of slow interphase mass transfer (St << 1)

This limit depicts an undesirable scenario for batteries with
multiphase flow, but may occur in practice, for example for
polybromide-phase droplets with large characteristic size. In such a
regime, there is no longer an entrance region and developed region
of the bromine boundary layer, as the boundary layer continues to
develop throughout the channel. Rewriting Eq. (6), and neglecting
axial diffusion, we obtain

2
(y—yz)% = %% —5th, 6(0,7) =0, H(X.0)=1, O(R. 00)=0. (23)

Defining €= St, we investigate the regime where §/Pe «e¢. For
the outer region, outside the bromine boundary layer, Eq. (23) be-
comes

(Y"*Yz)%?eév (24)

where dimensionless concentration in the outer region is denoted
as 6. We find from Eq. (24) that the solution is 6 = 0, and as ex-
pected it cannot satisfy the boundary condition at y = 0.

For the inner region, within the boundary layer, not only is
St small, but there is another small parameter, the dimension-
less boundary layer thickness 8. The balance between advection
and diffusion fluxes lead to the inner coordinate Y = §/8, where
8 = (B/Pe)1/3. By re-scaling Eq. (23), and since § « 1, it becomes

S00 320 st
Y* = —=- — *9, 25
08  9gY2 6 (25)
where the inner region scaled concentration is denoted as §. When
St/8 « 1, the parameter € is small everywhere, in both the inner
and outer regions. We will solve for the leading order solution, 6y,
where St = 0, which yields
00y 020y A, o
Y =—-, 60(0,Y)=0,
ox Y2 0( )

B (%,0) =1, By(&, 00) =0.

(26)

This problem was solved by Lévéque [44], and the solution uti-
lized by Braff et al. for battery limiting current for the case of
single-phase flow between electrodes (Eq. (16) in Ref. [11]). The
solution is

A Pej? 1
90_1r<9ﬂi,3>. (27)

where, the incomplete gamma function is defined as I'(s,a) =

N o]
(fe~tta1dt)/(f e tt%1dt). By matching the outer and inner so-
0 0

lution, we obtain the aqueous-phase bromine concentration as

N Pey? 1
Chry ™ Ci, F(W’ 3>~ (28)
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The dimensionless boundary layer thickness for this solution is

§(X) =2.92 3/ Bx/Pe. (29)

The resulting dimensionless limiting current density expression
is analogous to Eq. (17) in Ref. [11], and is

3Pe 1
BXT(1/3)

The averaged limiting current along the cathode is

- ,/3Pe 1
Viim = 3,/ BBTA/3) (31)

2.1.3. Under-limiting current

Analytical solutions obtained here for the limiting current can
be utilized to develop equilibrium current-voltage expressions for
under limiting currents, when assuming negligible activation over-
potential losses, mass transfer limitation due to bromine depletion,
and one-dimensional current [11,25,47,48]. In zinc-bromine batter-
ies, the activation overpotentials are usually negligible, since the
reactions at the electrodes are kinetically fast [11]. A local current-
voltage relation can be expressed in terms of dimensionless poten-
tial ¢ = Fo/RT and conductivity & = RTa/nDBrzecgr2 as

Jim® =2 (30)

_ _ 1 e
Beett = POy + 5 In (0 (X)) - J(X)/6. (32)

Here, the dimensionless cell potential is @ and the dimen-
sionless standard cell potential is <,5?e”. The local current density
along the electrode can be expressed as,

J@® = 1= 0@)im(®). (33)

Substituting the result into Eq. (32), and using the analytical
limiting current expressions obtained in previous sections, we ob-
tain the following current-voltage relation [11],

- o 1 Fool P
Peett = P + 5 10 (1=JR) [fim (%)) —J(R)/5. (34)
2.2. Numerical approach

The dimensionless species balance equation solved for numeri-
cally is Eq. (4). At the inlet, outlet and cathode, we use dimension-
less versions of the boundary conditions specified in Eq. (5). At the

anode, we set zero bromine flux,

C
Bry =0. (35)

These equations were solved using Comsol Multiphysics 5.4
software.

3. Results and discussions

To study the mass transport boundary layer forming at the
cathode during discharge, and validate our analytical solutions, we
numerically solved the model given by Egs. (4), (5) for values of
parameters listed in Table 2 and at the limiting current. The sim-
ulation was solved for an electrolyte with o = 100 mS/cm, which
is about the conductivity of 2 M ZnBr,, and cgrz = 12mM, which
is about the aqueous phase concentration for typically used BCAs
[35,49]. Fig. 3 shows the solution to the numerical model and com-
parisons with the analytical results. Here we varied the St num-
ber, while Pe was held constant. The predicted concentration field
is shown in Fig. 3a to 3c for St = 0.1, 1, and 10, respectively. In
all cases, a bromine-depleted boundary layer develops along the
cathode as bromine is consumed during cell discharge. In Fig. 3a,
for St = 0.1, representing the regime of slow flow interphase mass
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Table 1
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Summary of the main analytical solutions obtained at the small and large St limits.

St <« 1

St>1

Bromine concentration

&=, (n(
1

Pej® 1

o () =y, (1 — e VWA L o(st71))

) + O(St))

. ~ 3Pe -
Current density Jim®) = BRTA3) Jim = +/Sh/B
Boundary layer thickness  §(%) = 2.92 Y/ B%/Pe 5 =46\/B/Sh
a 150 T r T b 1.85
s — Analytical, St <<
I b St=10 1.8 — Analytical, St >> 1
Z = \ - = Numerical
D100 — Analytical, St<<1 1 35 175
2 ) — Analytical, St >> 1 S
©n v e
c - = Numerical 8 17
8 1 c
= st 1€ 165
N st=1] & "
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Fig. 4. (a) Comparisons between the numerical model results (dashed curves) and the analytical model results (blue and red curves) for dimensionless current density along
the cathode of the battery. (b) Comparisons between numerical model results (dashed curves) and analytical model results (red and blue curves) for cell voltage versus
current density. In all cases, the analytical model captures numerical results well for Stanton number (St) of order unity or higher (For interpretation of the references to

color in this figure legend, the reader is referred to the web version of this article.).

transport, we observe classic laminar-flow boundary layer behav-
ior, with a thin boundary layer at the leading edge which grows as
approximately x'/3 [11,44], reaching 0.1425 y/h at the trailing edge
of the cathode. In Fig. 3b, for St = 1, a relatively thinner boundary
layer is obtained, exhibiting weaker growth with x, and reaching
only 21% of the boundary layer thickness at the trailing edge of the
St = 0.1 case. In Fig. 3¢, for St = 10, a yet-thinner boundary layer is
obtained with 0.0385 y/h at the trailing edge of the plate, and the
boundary layer is of approximately constant thickness after a short
entrance length. The entrance length seen in the numerical model
results of Fig. 3¢ is ~0.1 x/L, which matches predictions of Eq. (14).

For large St, at constant Pe, boundary layer thickness predicted
by the analytical model of the fully-developed region is propor-
tional to St according to &;/8; o /Sty/St; (see Eq. (15)). Thus,
faster mass transfer between the phases enables a thinner bound-
ary layer and faster bromine transport to the cathode. In Fig. 3d,
we compare the numerically-predicted boundary layer thickness to
analytical results given by Eq. (15) for large St and Eq. (29) for
small St (Table 1). For St >> 1, the numerical model predicts an
approximately uniform boundary layer thickness, largely indepen-
dent of x, which agrees well with the analytical solution, except
in the the entrance length in which diffusion, advection and inter-
phase mass-transfer all affect the solution. For St = 0.1, the bound-
ary layer grows markedly as ~x!/3, and the numerical and analytical
models are in good agreement for this regime. For unity St, neither
the large nor small St analytical expressions capture the numeri-
cal solution. Thus, overall, the analytical models developed in the
Theory section and shown in Table 1, are sufficient to describe the
bromine boundary layer, except when St is on the order of unity,
where the numerical model is required.

In Fig. 4, we link boundary layer behavior and the resulting
limiting current, Jj,,, to battery performance, using Eq. (34). In
Fig. 4a, we plot dimensionless current density, J, versus position
in the channel, x/L, at the limiting current. Plots are for numerical
(dashed curves) and analytical models, and for large St (red curves)
and small St (blue curve) (Table 1). At the cathode’s leading edge,
we observe a rapid drop in current density along the length of the

channel in all cases of the numerical model results, from approxi-
mately 2000Js to several hundred or ten times J; depending on the
St number. This large drop in current density in x is due to the
rapid growth of the bromine boundary layer at the leading edge,
even for large St. For fast interphase mass transfer, St >> 1, the
current density predicted by the numerical model is well-captured
by the analytical solution for the fully-developed region, but not
at the entrance region of the channel, as expected. For slow mass
transfer, St << 1, the current density decreases with x all along
the cathode, and is well described by the analytical solution for St
<< 1. For St ~ 1, we observe features of both large and small St
regimes. For example, for St = 0.5, the numerically-predicted cur-
rent density is invariant past about 0.5 x/L, and this location is cap-
tured by the analytical solution of the fully-developed region.

Fig. 4b shows the predicted cell voltage as a function of the
cathode current density at x/L = 1, for varying St between 0 to
100. As can be seen, increased St results in improved battery per-
formance via reduced voltage losses and improved cell limiting
current. As all these predictions utilized the same value of elec-
trolyte ionic conductivity Table 2), the improved performance is
due to the enhanced bromine transport to the cathode for higher
St. For large St, we observe that the thinner boundary layer seen
in Fig. 3d corresponds to higher limiting current density in Fig. 4b.
Further, we observe that there is no significant deviation between
numerical and analytical results. In Fig. 4a, significant deviations
between numerical and analytical results were observed mainly in
the inlet region, far from x/L = 1. We conclude that at these con-
ditions, current-voltage relationships far from the leading edge can
be captured using the relatively simple analytical expressions pre-
sented in Table 1. For large St, the analytical solution of Apelblat
can be used to capture the entrance region [44], see Eqgs. (21) and
((22).

In Fig. 5, we show the effect of polybromide phase volume frac-
tion, &, on the cell current. For this, we assume spherical-shaped
polybromide droplets with K = 1.7x10* m/s and a diameter of d,
= 10 pum. Fig. 5a, shows the predicted current density along the
channel at the limiting current condition, for varying & between 0
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Fig. 5. Predicted polybromide phase volume fraction effect on battery performance showing numerical (dashed lines) and analytical (red and blue solid lines) solutions. (a)
Local dimensionless current density along the channel at the limiting current, and (b) cell voltage versus local current density at /L = 1 (For interpretation of the references

to color in this figure legend, the reader is referred to the web version of this article.).

Table 2
Model parameters and dimensionless variables used in the numerical model
solution.
Parameter Symbol  Value
Bromine diffusivity Dg;, 1.15 x1079 [m?/s]
Channel height H 0.004 [m]
Channel length L 0.095 [m]
Channel width w 0.009 [m]
Volumetric electrolyte flow rate Q 20 [ml/min]
Inlet aqueous bromine concentration cgrz 12 [mM]
Conductivity o 100 [mS/cm]
Standard cell potential @2 1.849 [V]
Dimensionless variables ~ Symbol  Scale
Position &9 (x/L,y/h)
c:aq _an.o c:aq
Concentration 0 By B o1
CBr; - CBrz CBrz
Potential %) @/(RT/F)
Current density J J/Js

to 5%. Plots are for numerical (dashed curves) and analytical mod-
els for large St (red curves) and small St (blue curve). As can be
seen, increasing ¢, results in higher limiting current and shorter
entrance length. For example, ¢ = 1% yields ~11 times higher cur-
rent density compared to a system where ¢ ~ 0. Increasing & from
1 to 5% improved limiting current by more than two-fold, which
agrees well with the rise in cell limiting current observed experi-
mentally by Amit et al. in Ref. [24]. In Fig. 5b, we show predictions
of battery voltage versus outlet current during discharge varying
for €. At ¢ = 0 the cathode is starved of bromine and we ob-
serve a severe mass transport limitation even at moderate currents
of ~10Js. By introducing ¢ = 1%, the limiting current improved by
over an order of magnitude, and at & = 5% the limiting current in-
creased by more than twenty-fold. Thus, our model predicts that
& plays a crucial role in battery current capability. The polybro-
mide phase enables improved bromine transport to the cathode
while maintaining a low aqueous phase bromine concentration of
~ 10 mM, minimizing anode corrosion by bromine.

In Fig. 6, we examine the effect of electrolyte velocity on the
predicted area-averaged cathode limiting current density, which
is accomplished by holding Sh constant at 1-104 and ¢ at 5% and
€. while Pe is varied. The St numbers associated with the veloci-
ties investigated are shown in parentheses along the x-axis, where
St ranges between 103 to 103. Both numerical (dashed curve)
and analytical results for St <<1 (red curve) and St >>1 (blue
curve) are shown (Table 1). At low velocities, which is associ-
ated with large St, we can see that the averaged limiting current
is largely independent of the electrolyte velocity. This is unlike

~ 80 . "
) - =Numerical
€ — Analytical, St<<1
£ oor — Analytical, St>>1,
3 ’
g /
= 40T -
=
-— o
5 pmmmm----- o
@ 20
o
(]
>
&
o TS al al
10 10;2 10° 102
(10°) (10') (107) (103)
Velocity, U (cm/s)

(St)

Fig. 6. Predicted numerical (dashed curve) and analytical (solid curves) dimension-
less cathode area-averaged limiting current density, Jiim, plotted against flow veloc-
ity, U, for a constant Sherwood number, Sh = 10%. The x-axis also shows the St
number associated with each velocity (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.).

single-phase membraneless batteries, where limiting current scales
as Jim o< ¥Pe [11], and is due to the insignificant effect of advec-
tion in the fully-developed region of the multiphase flow battery.
Instead our St >> 1 analytical model predicts the limiting current
density is affected by Sh and cell geometry according to Eq. (17).
At intermediate velocities, associated with St ~ 0.1 to 1, a transition
zone is observed in the numerical model where velocity begins to
affect the predicted limiting current, but is not yet well-captured
by the low St analytical solution. Increasing velocity yet further re-
sults in improved limiting current, and a scaling of fj;,  +/Pe as
predicted by the low St analytical solution (Eq. (30)). We can also
see in Fig. 6, at low velocities, a discrepancy between numerically
calculated limiting current and the St >>1 analytical solution for
the fully-developed region, a deviation which is ~14%. We attribute
this to the entrance region, where the analytical model underpre-
dicts current density, as this region is not captured in the fully-
developed region solution. Overall, the predictions of the effect of
velocity on limiting current in Fig. 6 can in the future be compared
to experimental results from the single-flow multiphase flow bat-
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Fig. 7. Predicted limiting current density vs. polybromide phase droplet diameter,
dp, at various polybromide phase volume fractions, €.

tery, and can allow for extraction of key parameters such as K from
model-to-data-fitting.

We now develop further the specific case of spherical poly-
bromide droplets. Since the viscosity of the polybromide phase
inside the droplets is typically much greater than the viscos-
ity of the aqueous phase [51,52], the droplets can be treated as
solid-like spheres flowing in suspension [53]. We can define Pe.
as  Pec = dpvt/Dgy,, where dp is the droplet diameter, v is the
droplet terminal velocity and Dg,, is the solute diffusivity in the
continuous phase. For stable emulsions, and creeping flow about
the particle, She = 1 + (1 + Pec)1/3 [34], and the Sherwood number
is She = Kdp/Dg:, = 2. Thus, the mass-transfer coefficient between
the phases is K = 2Dy, /dp. This relation is utilized in the numeri-
cal model for generating Fig. 7.

Fig. 7 presents the predicted limiting current density, Ji,, as
a function of droplet diameter, dp, for various polybromide phase
volume fractions, &, from 0 to 5%. We observe that increasing d,
results in lower current density for all finite values of ¢. Further,
Jiim reaches an asymptotic minimum at the limit of large dp, where
this minimum is predicted by the small St analytical expression
(Eq. (31), Table 1). We observe that for higher polybromide phase
volume fraction, this asymptotic limit is reached at larger droplets.
For example, for ¢ = 0.1% the limit is reached at about dp = 80 um,
and for &£ = 1% this limit is reached closer to d, = 100 pm. Thus,
when the droplet reaches this critical size, the contribution of
bromine release from the polybromide phase on the limiting cur-
rent density becomes negligible. This is because of the role of the
droplet’s surface area to volume ratio, g, in the mass transfer be-
tween the phases, (Eq. (4)). For spherical particles, the interfacial
flux is linearly proportional to the square root of the droplet diam-
eter. This suggests that injecting into the battery an emulsion with
very fine polybromide particles can allow for improved bromine
transport to the cathode and cell current capability.

4. Conclusion

We developed analytical and numerical theory for a single-flow
battery leveraging multiphase flow. We here restricted the model
to the case of a dilute emulsion unaffected by gravity, but in the
future such assumptions can be relaxed if needed. We illustrate
the theory using zinc-bromine battery chemistry, and showed that
battery performance is crucially dependent on the properties of
the cathode boundary layer. We show that simple analytical ex-
pressions developed for regimes of fast and slow interphase mass
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transport capture well the numerical model results at most model
conditions. Some model trends we report here, such as improved
current capability with increased polybromide phase volume frac-
tion, have been observed experimentally. In the future a care-
ful quantitative comparison between this theory and experimen-
tal data should be performed. Such careful comparisons can test
model assumptions, and further allow for model-to-data fitting to
extract key parameters such as the effective interphase mass trans-
port coefficient. Overall, the models developed here will allow for
deeper insight and design guidelines for a highly promising flow
battery architecture for inexpensive energy storage.
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